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ANSWERS TO CHA^^^ER EXfeRCISES 



. Chapfter 7 

• . .. .T/ ^ PRIMES MD FACTORS 

Intrbductlon ' ' . ^ 

. .Chapter 5 Indicated the need for new numbers to qnswer certain 
• questions that counting numbers cannot answer, end introduced the rational 
numbers. The ^cojanting numbers were iden-&ifted with certain rational numbers. 
Chapter 6 deJiped binary operations on the rational npnbers. . 

In this chapter we ^shall take another look at whole numbers, inves- 
tigating a collection of ideas not only interesting in themselves, but 
^•useful in the study of number systems* * 

7.1 Whole Numbers - A New Look - - ' ' 

We can ask questions in terras of whole numbers th^t y^jSrmSli^ answered • 
with^ whole numbers.., .JPor example, the equation *fx ^ 9 staled wi%ii whole 
numbers cannot be solved with a whole number." This situation led to the 
development of the positive rational numbers. Now, we shW.1 back up a bit 

and examine the wliole numbers in some detail. -JThat some eaueitions of the 

i " ' 

fpm bx = a, and b "vrtiole numbfer3> have solutions among the whole 

^ ... 
numbers whereas others do not, is in itself intriguing*' 

Note the following equations. 

Equations ' ^ Sol!?i|tlon Set 



(stated with whole numbers) > (Restricted^ whole numbers) 



3x = 3 .. { 1 } 

2x = 6 ' ' ' ■{ 3 ) 



3x = 7 ^ , , ^ "^i. 

5x = 9 • i> . 



JPhat 2x ^ 6* has a whole number solutions, 3, but ♦that 5x 9 . has 
no whole number solution stiggests a study of multiplicative .properties of 
\^hole numbers. Can we distinguish those pairs of whole numbers a, b for 
which solutions of bx = a can be found? .'.4 ' 



. • ^ 



•Let us examine hov vhol^ numbers can be expressed as products of other 
whole numbers. . \. * j " 

Given the numbers a . and h, we say that b is a 
• factor of- a if and pnly if a whole number c . can 
be found such that ^ 

\ be = a • 

For example, i\f a = 10 arid b 5, then we have 4 



^c - 10 . 



c 



' We find that £ equals the whole nvunjaer 
• " ' • * 5 V 2 = 10 . 

' Hence we conclude that, 5 is 'p factor of .10. .^jr use of -the commutative 
property, we can rewrite the last equation as 2 • 5 = 10 indicating that . 
2 is also a factor of 10. 

The concept of fattor for numbers is only interesting if a restriction 
Xb mad| in the definition. Let us see what wpuld„h6ppen if the adjec*fr^tre 
"whole" were omitted" from the definition. If this were done, then any 
non-zero number would be a. factor of eveiy number. ♦For example: 

17 would be a factor of 100 since lY ^ ' 

"12 wou^d be a factor of l8" since 12^. | = l8 ; ^ 

Q '2 " 9 20 2 ' 

^ would be a factdr of ,^ since 10 27 3 * * 

Thus in the concept of factoring, there is always a restriction implied. 
Here bur restrictioh is to whole nunibers. 

Because the same idea arose in different branches of mathematics, other 
language besides "factor" is also used; for inartance: "divides", "^ivisor", 
and "multiple of".* "Divides" means that division produces a quotient without 
a remainder. Thus, from 5-2=10 we say that 5 "divide^" 10 ^ that 
5 is a "divisor" of 10; and that 10 is a ^multiple of" 5- 

Each whole riumber has many names. For example, the number ^ 2k may b^ 
written as the product .of two whole numbers. When 2k , is written as thfe 
product of two whole numbers; the equality is called a product expression. 

All^proSUct expressions of 2k arfe: . 

" .1 X 24 = 24 • ' , " 3 X 8 = ^4 • 

2X12=24 4x6.= 24 



1^8 



8^ 



V From these product expressions, we name the* poSslble factors of 2k 
as 1, 2, 3* 6, .8, 12, 2k. \aa^ factors of '2k detenjiine the whole 
number replaceulents for b in ^the equation bx = 2^ • that give j/hole 
number solutions. 

* What equations of the fom ' bx » a ' can Ve make using a - 2^ sucQi 
^- that b and x are whole numbers? 



IX = 2k 

2x = 2Tf 

33Kr 2k 
kx 



,3ls-24 
X « 2t> • . ■ 



6x :s 21^ 

, ^c. « 21^ 

♦12X,::: 2k 

2l^x = 21^ 



Does this mean that these are tlae only questions of* the form bx ^ a, 
a »^2J^, that we can answer with x a whole qumber?* Yes, because all 
factora of. 2k' were urfed as replacements for b^ 

Suppose other whole numbers are used as replacements for b in 
bx = 2lf as shown below. 



5x = 2k 
•7x. = 2k 



lOx = 21^ 
30x i 2l^ 



'Wh^e ^we know that eacl^ of these equations has a solution which is 
a rational number, none'has a solution among the. whole numbers. Thtts in 
bx - 2k, b and x whole numbers,, b may have replacement^ 1, 2, 3, 1^, 
6, 8, 12, 24, • but may not have other replacemepts such as 5, 7, 10, 30. • 

In general, we ^ee that if a and b are whole numbers and we want 
X to be a whole number in bx = a^ then must be a factor of a. 



Class Exercises 



For exercises l-3> a, ti, and x are restricted to counting numbers 
with, a a multiple of b. ^ 



1. 

2.. 



For a a 28-, list the factors of a and write all equations of the 
form bx = a, for which x has a soli^tion that is a wl^ole number. 

Factors of a number can be paired so that their produc-|; is the given 
number. For example, the factors of 28 may be paired. 
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Mother arrangement is seeii In the factor pairs of 36. Product 

«xsiteBBions for 36 are: 

• • ' ■ , . ■ ■ i ■ ■ '. • , ^ 

■ 1 X.36. = 36 . . ' •• 

2 X 18 = 36 * 

• • ; 3 X 12 = 36 » ' 4-. 

■ : - " »tx 9 ^36 ■ ■[ / . • ^ 

• . . • : 6 X 6 = 36 

The factors for "^30 Are: 1, 2> 3> ^$ '9,. 12, I8, 36. 
The factor pairs ar^: 




List ^the *f acto^ and^ndlcate the factor pairs fori ^ 

a. 18 b. 32 c. 25 . ^ 

■» " • ♦ • ■ . . 

S"! For each part of E}cercise*2, how many equations of the form hx =«a 
can be writtei\^so that x is a counting number and a has the valuer 
indicated? . - ^ . * 



Let us explore the role th^tt ^ero plays vhen factors arid products 

I * 

are under consideration. 

Bince the product of zero and anj^ number is zero, w6*can. rule out 
equations^ such as ^ . ^ 

^ 0 • X ^ . . 

No vhole npmber x makes this statement true. Hence, 0.. is not a factor 
of 17. Consider the equation ^ 

^ ^ ^ 0 • x = 0 / ■ - 

*Everyr whole numb6r x makes the steijement true. ^Hence, 0 is a factor ^ 
of 0. L^at, consider the equation ' • ■ ' ^ 

, 17 • X = 0 . 

The ^whole number 0 makes this sentence true. Hence, 17 is a factor 
of 0. jloweyer, tl^^s Is not a very exciting fact since ve must- therefore 
coHclj^e thtt every number is a factor of 0. ^ / 
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Since 1? .is a factor of ^ 0, we say .that 17 divides 0. Since 0 

is not a factor of 17, we say that 0 does not divide 17. However, 

r » 

while we agree to say that 0 is a. factor of 0, we do not, in thip case, 

• ■ \' ■ ' ^ ■ ' • 

say t^at 0 divides 0. . • 

On6 4rB a factor of ^ number. / In fact, certain coxmting numbers aan . -^^ 
be expressed as a product only of themselves and 1. That 1 ^ is a factor ^L|^ 
ds'so^obvious that it is frequerjtly omitted in listing factors of a nunibar\^F 
in some ctfQiea, however, this is the only way that a ^hole number can be ^ 
expressed as a product. FoV example:, ■ . ^ 

- ' . 7 = 7;>< 1 . ,3-3x1 ' 13 = i3 1 

In summaryi -regarding zero^jgnd one as factors, we s^: ' ' ^ . 

♦ , • 

Zero is not a factor of any whole, number except itself. 

One is a factor of^very whole, number. 



7.2 Prime Numbers * * - . - • . , • 

t In ,the ^rece^ing section, we studied factors. • In this section we 
introduce Several classificiations of the counting 'numbers and le^ how such 
classifications may.^elp»in calculating with rational numbers. 

One such classification consists of even numbers and odd numbers . 
A numbea: is even 'if it can be expressed in the form xv a whole number. . 

Zero . is an even^number fn that aero may be expressed in the form 2n; 0 = 2(0). 
Also .base ten numerals' ending with the digit 0 represent even numbers, 
since each may be expressed ih 'the fo^^ 2n. For example, 

/ 30 =^e • 15 

' . : 3000 ^ 2 V 1500 ' ' 

M A number is^ odd i^ it can be expressedT the form • 2n + 1. For example, 
1 ='2 . 0 + 1 . ■ 9 = 2 . 1+ + 1 ? 



\ = 2 • 1 + 1| ^ 11 = 2-^. 5 + 1 

5.^ 2' 1 . ; 19 = 2 . 39 + 1 

7 = 2'- 3 + 1 . . 



iSom^e»tbooks ^ate that if a whole number Is divipilile by 2,. .then 
it'U an even number; and if a whole numlJer is* not divisible by. 2, then 
it^s an jPdd number. ' This f'e^mfi^ly inJKSentary classification of the whole 
numbers into these twoKclass^ has many uses '(rememb/rthe uriicursal problems?), 

161 ^ • , ■ - 



I. ' ♦ mm. , ■ .r ^ 

and will be. ug^-iJJlijfei?- prbve 42. la nbt a ratloaea nuniber, ^ \, 
7^ Whole nu^e!^ iniasfi^ua liid tvo sets: 

For the t^i^tHjleS^^ 5fe shall consider only the 'counting numbers. 
If we ^examine d^ah of ^ 4^^ counting numbers, we *flnd^ several • 

definite pattera'^'^ii€f.A^ We list ali factors, as shown. * 

Counting ^ . " ^ 

. * Nuniber 

1 * . . 



6 • ■ . ■ ' . 1, 2, 3, 6 I, 

7 



9 
10 

11 

12 

13- 
Ik 



^ 



Pactorg 


• 


* 

1 . . . 




1,2 • 


% 


1, 3 




1,J2; \ 




1, 5 


t 


1, 2, 3, 


6 


1* 7 \ 




i, 2, 1^; 


8 


1> 3, 9 




1, -2, . 5, 


10 


1, 11 




1> 2, 3, 


^ 6, 12 


1^13' 




1, 2, 7, 


lif 



^ome numbers, like 2, 3> 5> 7, and 11 can be expressed as a product 
\3nly themselves and 1. These numbers are called primes . Otheif^ numbers such 
as \y 6, 9> and l^v have *f actors different from themselves and 1. Such 
numbers are composite numbers. (For convenience In stating theorems, the 
number 1 is co^isidered neiliier.a' prime number nor a composite number.) 
This discussion. Xe^id^ to the definitions^ in ^MSO Mathematics for Junior _ 
Hi ^hlflchoolj •Volume I, w^ich ate repeated here. % r 

.A primp nuniber is .a? counting number, 6ther than 1, . which is divisible 
only by. itself, and \. . • * . - 

A composite number is a counting number whlcA is divisible by a smalleyi'J 
counting number different from 1. Thus a composite number is a counting'.? 
nufflbfer different from 1 t;rhich is not a prime • 

^ Whe« we speak of the c^J}gj|g;^^;^g^'^^^l^^ refer to 

the number written as a. product of prime factors. ^j^'qu'e1it;Ly it is expedient 



* tbthitiBbC a;Comp9slte nuqjber as a pro^ct -of its factors. If *175 is . • 
wrtljlett'S^V'^i 5 X 7.^ • it ls\ sfiovn the product ' of its, prime factpi'sr » . 
.this is the complete facHiorizatiorii of 175. Begaardless. of whetlier^e divide' 
first by "b or'by" 7, j/e eom^pieje the factorization with 'th'e same-prime 

<f factor^; the -only .differeTice is order. ■ ' . • * ' * ♦ 

^ . 175 ".5 X 35 = -5 X ?■ X.^5 ■ . . \ ' 

:^5-=^ 35 X"5- = 7.X-5 -x -N' 

^ ''•^ese ►indicated ^pfod^ are' air^equal^ t RecalX. that changing the 
•ord&r of the factors in. multiipiication' can beS-ftewomplvLsned by using., the- K 

assoclatiye* and commutative properbi'efe, \ ^ ' 
V The prcjperty^ve' h'&ve J uat, observed, that the complete ' factorization 

of a nu^be^^-ia^unique is called tfafe Unique Factorization Property. . ^ 

... Uni^' Factort-zation Property : E^ery counting number '* ' 

greater .than 1 can be 'written as a product of 
' primes. Except for order/ this factorization is 
. • unique. • * ' ' * ' . . , 

This.. property is Sometimes called the Fundamental Theorem of Arithmetic. 

Examples readily conVthce students of the validity of this theorem. 

(Various proofs exist and may be found in any booK on number theory..) 

'It is frequently convenient to use the exponential form* in the complete 

factorization of a number. For example, 

' . ' ' 2 ^ 
,11^1^ = 3X3X2x2x2x2=3 X2 . 

In review, we note that^*he set of counting numbers may be partitioned 
^^ntd three subsets: , * _ ^ ^ 

The set of prime numbers 

The set of composite numbers * ^. 

The set* containing the number 1 * . W 

Class. Exerc ls.es 

^ • / - 

\. Find the smalles/t prime factor of # 
(a) 135 (b) 539 . _ {c) kOk 

5". Give the complete factorization of 

(a) 26 (b5 210 . (c)' ^7 ' . . • . 

♦ 

• 6. Give the complete factorization of 600 in exponential form. 

-^163" ' . • / . 



* « ♦ ^ . * . ' 



7 *3 Least' Common Multiple ^Ireatest ?;ommon v Faqt6r 

The stxidy of composite numbers' and their fadtorizations* leads us to 

' *• # 
least common multiples and greatest common ^f actors l . * v. . 

^ » . - ..,'•»• 

The least cQpaon ^ multiple (l.c^jrf.) of^a^t'of counting /tiumh^rs ife the 

♦smaillest ^counting number whith is a multia^e^of each number of the set. 

Consider thfe nuiabers . 6 * and the set of multiples for each. * 

J Set of^ multiples ot^ 6:- {6, 12,, l^\^2h, 30 y^3^^J^2jj^ 5^>.6o, .'..) 

'Set of multiples of. 16: {l6^ 3^i@r^^7^r 96^^..)^ • ;^ ^ 

By inspecting the tw^ sets of, multi^ples ij^e -^ee thaji 48 is the smallest 
m^ul^lple Qoi^mon to bo-^h. Hence the**1.9.m. cjP' ^ .^and l6. is* 1^8. 

The set. jof all common multiples gf 6- load ij^ * . ^ - ' 

• A* 
, . ' ( 48/96, IH, 192,' ... ■ . *\ • 

Note that a set of common moltiples for t^to nijmbeVs' is aJLways an inf inllie • 
-set; th^re is no greatest common multiple. iF ^ * 

The greatest common factor (g.c.f^) of .a set of cojjnting numbers is • 
-^he largest counting number that is a factor of each member of the set. v . 
•i^gain consider the numbers. 6 and l6 but this time with the set 

of factors for each. -iMMt^ ^ • ' • * 

Set of factors of 6; * * 

• Set of factors of l6: .*{l,(2)/4, 8, iSy ' / 

By inspecting the two sets of factors we see that 2 is the J.argest 
factor common to both. Hence the g.c.^ of 6 and. l6 is 2* The^set 
of all common factors of 6 and* l6 is 

: " { 1, -2 3 . • . ^ 

The set of common factors for two numbers is always finite; tl^ere is 
always a greatest common ^ factor.. 

Another ijiethod for finding the l.c.m. and the g.c.f of two numbers 
/utilizes their cpippl^te factorizations. The complete prime factorizations 
of 36 and 120 are given here. ' ' ' 



, . . 36 = 2 . 2 . 3 • 3 = 2 . 3 • 

120 = 2 . 2 • 2 . 3. • 5 = 2^ . 3 • 5 * 

The l.c.m. must contain all the different prime factors of each 
number and these factors must occur as frequently as the greater number of 
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c- ■ k" ' * ■ ' 

times they occ\}r in either of the reibtcyrizatious. lEhus the.^least common . 
multiple^ of »^ 36 . and 120 is v ♦ ' ^, • ' ' 

2 . 2 . 2 ..-3 • 3 •. '5 = 2^ • 3^ • 5 = 360 . , 

Ihe g.c.f • mus1i contain only -Hiose. prime factors ccfjnmon to each number 
and these factors must occur only as frequently as. the^ lesser number of . 
times that they occur in the f ac-^prizations . Thus th^ greatest, common ^ 
factor of 36 . and 120 is 2 •*2 . 3 = 2^ » 3"': = •12 , , r .. , . 

■ » • f ... ■ 

■ . " ■ . . . o ■. ■ 

Class . Exercises, ' " ' ^ ^ 

7. Find the l.c.m. for each pair of numbers. - 
(a) 8 and 12^ * (b) and 35 

8. ✓ Find the g.c.f. for ei^ch pair of numbers. 

, (a) k8 and 80 (b) i6 and 36 , 

9. ** Give the comp^e factorization of and 90 in exponential jTom. 

Then write their l.c.m. and .g.c.f. in exponential fom> 

- ■ ." • ■ * ' ■ 

10. What is the greatest common factor of any two prime numbers p and q 
What is the least common multiple of the two primes? 



let us factor completely the two numbers 32 and 20 .» 
32^:2X2X2X2X2 = 2^ 



20 = 2X2X5 = 2^ X5 



Frojpa their complete factorizations, we flrfd: 

.2 



the l.c.m. of 32 and '20 is 2^ x 5 = 
the g.c.f. of 32 and 20 is 2^ - k. 



To take this a bit further, the product of the l.c.m. and the ► g.c.f. is 

160 X = 61^0 . 

CompaT*e this with the product of the original numbers .32 and 20. 

32 X 20 = 6hO 

For two counting numbers, it is always true that their product is the same 
as the product of their l.c.m. and g.c.f. 

If ra and ^ are^ any two counting numbers, the product of 
their l.c.ih. and g.c.f. is mxn. 
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'Class Exercises . \ y ^ ' 

1^. Find the least common: multiple' and the greatest common factor of^ ♦SU. 
and •36* Compare the product of t^g^l^ l.c.m. and g\c.f. with the 
product of the original 'numbers* * - 

Two bells are seti>so that their time interval > for striking is different 
*(a);^ One bell strikes every y ^inutes and the second strikes every 
5 Wnu1i€5.* If both bells strike AogQther at 12:00 noon, when 
• « ♦ will they strike .^together again? , ^ • . ■ , 

(b») One bell strikes everyr 6 minutes, and the second bell'^^evetty 15 
/itfinu"tesr If they botji strike at, 12:00 n6on^ . when will they 
* strike together again? * 
^c) Find the l.c.m". pf 3^ and 5^ and the l.c*m.* of 6 and I5. 
Comyar6 these with answers' of parts (a) and (b). 



7^.H, Some HistOric&l Comments ' * • 

The ancient' Greeks- loved to study numbers. They gave fanciful and 
mystical names and interpafetations to numbers with cert*ain special propSeirtie 
They spoke of triangular, square, and pentagonal numbers because of theiir -v;^^. 
geometric properties* . * , ' 



\ 



m . 

• • • • A* • * 

•••• • ^•^ 
•••• • • •••• 

^3^ 6 10 1* 9 16 5 15 

. Triangular* Square Pentagonal 

Mumbers Numbers ^ Numbers 

They also spoke of peH'ect and amicable numbers. These numbers had special 
properties determined by their factors.^ Let us look at one set. of these 
mystical numbers in more detail. 

Consider the table of factors^ of some of the whole numbers as shown 
below. We immediately recognize those nuinbers with only two factors as 
being prime. 



16 

fi66 





Factors otjn, - » 


' ^ri- 


Factors of ft ^ 

■ ■ . • : — ^< 


— ^ 


^ / i * 


ll 


• 1, -li . . 






.12 


l/ '2, 6, 1^ 






■ ' 1.3' 


1, 13* ■•■ 






^11^ 


. i, 7, 11* • ■ ' 




/ ^> 5- 


• ' 15 . . 


' • 1> 3, 5, 15 • 


••6. / 


1, 2,/3, 6 . , 


1^' . . 


• ' 1, 2, 1*, 8, 16 


■ ■ 


^ ■ 1, 7- . 


■17 


' ■ l,.l7 • . • 


• '■ 


. if 3, 9. . . 


18 - 
• 19 


h ^iSi 6, 9, 18 
'* 1, 19 . 


.■ ■lo'" •• 


1, 2, 5, 10 


' 20 


. 1,.2, 1*, 5, 10, "20 



\ * ■ ' ■ ■ ■ 

yJ^t '^* ly, for each whole number, we tal^e the 'sum- of all Its faators except*. 

r^^'- 'the number Itself^- we find that the sUms fell lr*o three gsroups. Certain* 

sums are greater than their respect ive.. numbers ' 6titer sums are smaller than 

their corresponding numbers « . But in a fe^lrVclpesi the sum is the same &s the 

nupober. Such a number is called a perffe^ t* ifi^'ber « 

Six is a perfect number, since * ' . / ' 

, . ' * 6 ^' 1 + 2 + 3 .r " \' :^ . ' ' 

Another perfect number is k^S, sixifie' / . 

496 = -1 + .'2 + 1^ + 8 + 1^.+ 31 + 62 + I2k + 21^8 . 

Only a few perfect, numbers have been found. 

In the table above showing the factors of n, . do you notice that some 
numbers have exactly two distinct 'factors whereas other numbers^ have more 
than two? Otsei^ve that 1 is a factor of every count in^^ number. Do you 
notice patterns* for the occiirence of 2 jais a factor?- of 3 as a factor? 
of 5 as a factor? 

Anlcable numbers are pairs of numbers with the folJ.owing property: 
For each number the sum of' all its factors except the number itself, equals 

the other number. !nie numbers 220 and 281^ are examples of amicable 

« . . ■ 

numbers. . • 

The factors of 220 are 1, 2, k, 5, 10, ll, 20, 22, kk, 55, 110, 
1. + 2 + 1^ + 5 + 10 + .11 + 20 + 22 + U 55 + 110 = 284 

Ihe factors' of 284 are 1, 2, k, 71, 1^2, 284. 4 
' • 1 + 2 + 4 + 71 + 142 = 220 .< 

These are the smallest amicable numbers. Another pair, found by Fermat, 
is;".i7,29^ and- l8,4l6: 

*■ • ' ' . 167 ■ 



Class EaceTOlses ' < * w ' * * 

* *" ' ' f ■ . 

12t. Show that 28 is a perfe^ dumber. \ 

Ik, Can you ;find anothea; perfect nvimber * p such that 80OO < p < 813O ? 

15 • When the sum (jp'all Tactors of a number except the number its61f is 
not large enough to make a perfect numbe'f^ ♦the sum is^ s^iid to.be 
"deficient". Sums too 'large to make a peyfect* number are s^id to be 
• "abtaadant". Indicate which of the 'following AumbQrs have deficient 



sums and vhixdi have abundant sums...; 



^ (a) 10 . .-(b) l£ ; ' (c). 20' - (d-) 36* 



* th^ -properties of prime numbers have, challenged mathematicians 
throu^ou% the ages. Buplid, thel^famous CiSreek^wKo wrote the first geometry 
^xtbooks called^ the Element's about 3OO W2^* f was able to prove that there 
are an infinite number of primes. 

• Eratosthenes, who lived about^^^ B.C.,. and is famous for hie indirect 
measurement of the diameter of tHe eaa:th, also^ studied primes. He develo|^d 
a method called .the "sieve o;rEratosthenes*' for finding primes by, sifting • 
out composite numbers. Kie method uses 'the fact that every second counting 
.niamber:from.^ 2 is cQmp<^site and 'has a factor .2] every third counting;num- 
ber from^ 3 Is composite and hat a factor 3 J every fifth counting number 
after .5 hafe a- factor 5, and so^orth. To find the primes less tfian or 
equal, to 100 'by this method, firstsilst in order the counting numbers from 
, 1. to 100. Cross out every second ruftmber after the prime 2 since these 
are all* composite numbers that contain" the prime factor. 2. Next cross out 
every thii^^ number after the prime 3 sinee they all contain the prime 
factor y. The number k has already befen crossed^out and is therefore 
not prime. The next number not crossed out is the prime ^. Every fifth 
number after the prime 5 is then crossed out. This eliminates all eom- 
posites that are multiples of '5- In like manner 9» ^0 

already been eliminated as composites^ while 7 . and 11 are found to be 
prime. The table should* now* look the following. Froi^TDur work with 
factor pairs, we know that every composite number 100 or less with 'a 
factor greater than 10 has a correspondiiig factor less than 10. All 
composite nmnbers with factors less than 10 have already been eliminated. 
- * • N 
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Xhus^ all congciosite numbers /in table have b«eu: crossed!, out; oaly the 
primes ^qual. to or less than 100 and the^ number 1 remain* 



Sieve of Eratosthedies for the numbers from 1 thrbughr. 100: 
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■ 3^ 
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SIS 










9^ 











*Rejaember! 1, is not a prime number. • * 

. While this method is useful in lo dating. primes equal to or l^ss than' 
100. it cannot be used to locate all primes. Indeed, some 2000 years after 
lEratosthenes, mathemfiiticians have still not found a method for finding all 
primes* 

Number Theory is possibly thQ oldest branch of higher mathematics. Part 
of its fascination over the years has been the. ease with which problems may 
be stated. Jfeny pro;(;)lems need only some knowledge of '^ithmetic ajxd of 
primes to be stated^ The solution of some of these problems may be f o.und ^ 
easily at this ^level; others require greater ingenuity. Some,, though pimply 
atated, may ♦rec^ire mathematical reasoning and techniques of the highest , 
^prder* , ^ « 

i. A very elementary theorem to prove i?p thp one already given; ^ 

^ ^r whole numbers m and n the product of their 

least common multilple and their greatest cominon 'factor 
is equal *to the product of m and £. ' 

^.the other- extreme is the probleio. known as the Galbach Conjectured 

riSyeiy even number greater ^than h may be written as 
the sum of tvo primes. ^ 

Though some progress has iSeen made on this problem, it has resisted 
a complete answer for oyer I50 years. Jt is still only a conjecture^ 



An .even*>^der^ problem datiine- back et leafet to Euclid concerns the 
penfec^ numbers* All the known perfect numbers, are 'even numbeprs. No ^one 
has e^er succeeded in finding an odd perfect number nor has .a^iyone been able 
to show that 'the D^are no odd* perfect .numbers. ^It is clear tjaat no '^rime is 
a perfect number. While it is not quite so app^ent, the product of two odd 
primes ,cannot'be,a perfect number. Still hardei to prove, but true,, is that 
the product of three odd primes lis not a perfect number. This is the ,sort of 
infoiTnatiorT that has been collected on thlte pJxDblem, but is.stiil a long* way 
from a solution. • . ^ ] • ^ • 

Class Exercisfe ^ | ^ 

Many mathematicians have tried tp prove. that; * * ^ 

There are no integers x, y, and z for which . + y^ = 2^ 
if" \> 2. (Known as Fermat^s Last Theorem, it has not been 
• ^ proved.*) 

l6\ Using your knowledge of the rythagorean property, experiment with 

2 2 2 ' * ♦ ' 

'x + y = z by finding replacements for x,,y, and z. Try some 

. i of these number triples in x^ + y^ = z^ with n = 3 or 'n = i^. 

Are you successful in finding some that work? 



.7.5 Positive Ratio^^al Numbers - Role of ^ Factors - ' 

» 

We pause long enough to see how the factoring of composite numbers 
may be used to improve the mechanics of operating with Clumbers that are 
exprecsed in fractional form. The mechanical aspects of addition leave 
room for variations. Our motivation for addition of rational numbers 

essentially depended upon finding a common denominator which 'is a cfommon / 

' a ^ 

^multiple of the denominators. The common denominator ^sed to add — and 

— was bd; in some cases this is the smallest common denominator that 

d ' 

may be used. • . • 

Let us consider several examples.- 
'^2 

Example 1. To find ^ J ^^^^ thBt both denominators are prime numbers. 

The common multiple, I5, Is also*the least common multiple. Thus: 



5 3 3 5 
'15 15 

15^ • 
17q20 



Example 2, To add, an^ ^ we may use as a common denominator 

: " X 18 V 1*32^ The numlJef 1*32 is a common multiple of 2k 
• ■/ and 18. Follpving the method of Example 1^ • we. have , , 

5-5 . 18' i . 2k* , 



iS"' " |f . ' 15". . iS * 25" 

, - 90 120 $ • ' .V 

- . * • ^ ^ ■ ,. ■ ^ 

• . ■•■ ' „ 210 

-..ir32 • • . • • 

*^ .A 4uick observal^on Indicates that since the numerator and denominator 
Qnd in • 0 and .2, the fraction can be reduced, * • , * - • 

Rather than usipg this relatively large number, *1*33, ; as a common 
multiple of the dendminators ^f ^ and > we can simplify our computation 
using the least common multiple of 2^ and l8, .^causei both d$jipmlpators 
are composite numbers, we factor the numbea^to determine their least common 

^multiple, V . 



2U = 2 • • 2 • 2 • 3 = 2^ 

1^ = 2 . • 3 • 3 - S V 3^ 




The *l*c.m.^ of ^ and l8 ^ is v;2^ • 3^ = 8 • 9 = 72 . 

• 72 72 

' :. - ; '• 31 . 

72 . . . • . 

FollowJ.ng the equation method given in Chapter 6, we may add the 
numbers. ^ and ^ shovm below. 

** ' 5' 5 • 

' , - Let ^ = 25" ' ' ^ ~ TS^ 

» Then 24x = - 5 and l8y - 5 . 



1 



To' suggest the distributive law we multiply the first equation by, /.8 and' 

tfi^ second one by 2^ as shown at the left. We may just as well multiply 

the first equation by 3 ^d the second by U as shown at the right. In 

either case., the value fo'r x + y can be found. The Second method, util- 

izing the least common multiple, simply gives the result in a more ^imptified 
form. ' ^ .\ ' ^ ^0 

. ■ . ■ 



>^ l*.35x >■ 90 * * * . 72x' .15 



l*35y' ■« -120 ' ■ . 72y =^ .20 

o . f. 



.v 'U35x + l*35y = i'9© + 120 ^ 72x * 72y^ = 15 + 20 \ 

. . .1*35 (x + y) = 210 ' ' . -72 (x .+ y) « ' 35 * . 

•< ■ " ' ■ 210 . ■ ' ^ ' 35 ■ . 

X + y - 5^ t . • . , = T2 ' 

• This last m^thocTls not suggestiJd for the seventh grader.- It is 
^given here to emphasize a^aln hov rational numbers cah treated throujgh ^ 
Iquations. However, the similfrity of thid method wi1ih ^ 'Tirst shoul^d 
apparent 

• . • C ' ■" . ' ' 

7** * 11 5 

Exayple Last, we fihd tlWsum of \hree wsddends: '21?'. ^ 72 

2U = 2 2*3= 2^ • 3 ' 

36' =^ 2- IS^3 -3^2^ 3^ 

72 2 . 2 v 2 • 3 ' 3 - S^-. 3^ V' . 

The l.c.-m. of 2h, .36, 72 is 3. = 72 . 

7 fT"^ 5 7 3 . il 2.^5 

2ir___-^ 35 ^ # = .2ir • .3'" 35 • 2/ # . 

. ■ - = 21 ^ 22 ^ ± ■ ' . 

. . .72 72 72 

72 . 
* ■ 1*8 

The reader, looking at the sum , feel? inmediately that we can 
reduce the fraction. A quick check of divisi"bility ireveals. .that both h8 
and 72 are divisible by 2 and' by 3. However, let us use another 
procedure. We determine. the ,gijeatest common factor of k8 and 72. • 

. • , ' 1*8 = 2 • 2 . 2^. 2 • 3 = 2 .• 3 

■ ' * ' 2 

72 = 2 . 2 • 2 • 3 • .3 = 2^ • 3 



The g.c.f. of H8, 72 is . 2^ • 3 - 2H . 



H8 _ 2H ^ 2 2 

72. " 2ir * 3 " 3 

Ihic" fc the second time (in the same example that ♦we have had the apportunity 
to rename a rational number. ' . • 

It follown.that 

2l| 3^ 72 3 ^ 



17. 



It Is not always fpossilJle to reiiice* th'e results as was done in Example 3 



115 19 ' 

Looking at .another s\m we cqmpittedj. and j ^ proceed in tKe »ame.- 

mariujer. ^ * * . • , \ 

• * ' .35 ='5'» 7 ?2 . 2 .*2-^2 • 3 • 3. ' 

A greatest common factor •for 35 and, 72 is 1. Hence, the 'fraction ^ 
cannot be oreducei^ * • * - 

Next, we examine and 15 in the same way. 

• . . 19 « 19 • 1 > 15* = 3 • 5 • . 



^.-3Che' greatest conunfinfactor for 19 apd 15 is 1, since there are- no 

• • ( ' • * w - 

common primes in the complete. facWrization of these wo numbers. Hence, - 

19 * ' 

the fraction cannot be reduced, • ^ . . ^ 

15 ^ - • 

Two numbers containing no common prime factors are said to be relatively 
prime to each other. * If two relatively ^rime lumbers serve as the numerator 
and denominator of a fraction, then the fraction is ssfid to be in "lowest 
terms" and cannot be reduced. 

Prim^. numbers, complete factorization, least common multiples, and 

greatest common factors apply- to the study of counting numbers. The positive 

'■ rationcG. numbers can be defined in terms of the counting numbers. Hence, it 

is not surprising to find thgt we make use of the idea of the least common 

multiple of counting numbers in finding the^ "lowest common denominator"* when 

adding fractions. Likewise, we make use of the idea of the greatest common . 

factor of counting numbers in "reducing fractions to lowest terms "j! The 

purpose »of this section is to illustrate the role of factors and multiples in 

. - ^ \ 

operating with the positive rational numbers. 

Factors and multiples play a role in all four of the fundamental 

operations with the rational numbers. The u$e of least common multiples i;s 

evident in subtraction with rational numbers,! Just as in addition. For the 
. 4 4 

operatioa subtraction with rational numbers, we citp the example ^tt - j^t • 

50 . 75 



The 
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50 


= 2-5 


. 5 = 


2.5^ 


75 


= 3-5 


. 5 = 


3.5^ 


50, 75 


is '2. . 


3.5^ 


= 150 . 


h 


k 


A . 3 


h ■ 


' 50 


' 75' ^ 


50 3 

12 








150 


. 150 ~ 


T 




/ 

• 1C3 


#" 



2 
2 

k 
150 



HeKt>* we examine ,1^ and I50 ; for their g.c.f ♦ 



I: 



The g.c.f. of 150 is 2 . .. •'! - t 



• ^ ]| 2 2 2 



an^/ '50^: 75 ^ 75 



\ most common way to add rational numbers, when they ^ai*e jiar&d as 

frictiohG whose denominators differ, is to rename 'them v/^th the same denom- 
inator. Efficiency in renaming these .numbers is achieved by uQinief their 
least commbn multiple. However, this will not necessarily yield the answer 
in slarplest form. * The Ite^ idea in renaming a rational number In simplest^ 
fraction .form is the use of the greatest common ^^^ac^hr of numerator and 
denominatgr.^ ' \ * 

Class Exercise . 

17. a. Combine, as indicated, using complete factoi-izatiins afe needed. " 

■*2 ' • 

3 ■ 77 21 

, b. Chfecfc the result for conunon factors in numerator and denominator. 

c. Write, in set notation, the" set of factors for each denominator in 
(a). What is the union of these three sets? Compare this answer 
with the factors determining the l.c.m. used in (a). 




4. 



2. 



1, -2, li, 7,. 11^, 28 / • 



X = ^2d 
2x = 28 



*»Ux = 28 



• . I .7x = 28 
. • llix = 28 



* -. » 



^4 

-1 



28x = 28 



a.^2/.3^ ^6,*9; 18 




tf. 1, 2, Ik, 8, 16, 32 



3. 

-5. 



6. 

7. 
8. 

9. 



10. 
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c. 1, 5, 25 



25 



a-. 6 
a. 3 



6 
7 



G. 3 



•■«a 



c. - 2 



a. 26 = 2 X 13 

b. ., 210 = 2 X 3 X 5 X 7 

c. .v,^7.= 1^7 X 1 (prime) 

600 = 2^ X 3 X 5^ 



a. 2»v . , 

a. 16 ' » 

2U = 2^ X 3 , 
— • 2 
l.c.m. = 2-* X 3 X 5 

S,c.f . =2x3 

1 } pq 



b. 70 
b. \ 

90 = 2 X 3^ X 5 



175 



7 



• * V 



■ll./l.cm. « 576 g.'c.f. = k 

576 x h^ = 230**.^ 



■ r 



4 



12: a. . 3, .6, 9> 12, 15/ *.-* . — first bell - . ' 

• . 5, 10,-^15, ^ — ^ secon^ bell , / 
/ IJxey ^rike together again In ^5 . minutes; that^ls, at 

12:15 o'clock.. ^ ; ^ 

• • • ' ' \ r ... ■ 

6, 12,, 18, 2U> 30, — first.^bel:l ' , 

15, 30, \^ •^^ second be^ll 

strike togethei; again in • 30 minutes; th'at i^, . at 

^ 12:30 .o'clock, V * 

c. l.c.B^* of 3> 5 -^15 > 
l.c,m* of 6, 1^ = 30 

13. 23 = 1 + 2 + u + 7 + • ■ / 

lU. 8128 = 1 + 2-+k + 8 + 16. + 32 + 6U*+ 127 +'2511 + 5*08 ^ 

1016 + .2032 + " 

• ■ ■ . ' . . ■ 

1^.' deficient: 10, l6 * . . 
abundant: 20, 36 ' _^ , * 

16. Some examples are: 

p P P ^ 

x" f y" =-z", n > 2, .has intrigued mathematicians for. many years; 
' 5Io number triples have been found which make x" + y" =. z" true 
for n > 2 . , . . 

17. a. 3=3 the l.c.m. of 3, 77, 21 is 3 • 7 • 11 

77 _ 7 . 11 ^ . 2_ ^ 2. 22 ■ 7- . '2 . 3 '^ - 11 

f ' - ' • 11 3 77 21 33 - 7 77 > 3 21 . 11 

^ > '^l - 3 ' 231 23a 231 231 
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26 

176 



b. 203. = 29 • 7 
' 23i; » T •11 3 ■ 

g.c.f . of 203, 231 = 7 

203 29 ' 7. 29 , 
, Hence, ^= = ^ % 



C = {3> 7) . 



c. A * (3) ; B = (7, 11.) } 

••(A Ub) U C ^ {3, 7, 11) 

l.c.m. of 3, 77, 21 is 3. • 7 ' 11 . =231 ^ • 

The union of the . 3 sets is the seme' as ^he set of factors used 
.to determine the l.c.m. •• ^ • 



r 
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, • . Chapter Exercises ^ x 

Find a coinpi^$e factorization; of each of the following: 

(a) 39 (c) 81 .. (e) l80 ' (g) . 576^ 

(b) 60. (4) 98 (f) 25S <h) 232I . 

Fiila^^the least common multiple (l.c.m. ) and the greatest common factor 

(g^c.f.) for each pair of number. . \ 

M , 6, 78 ' . (b) 14, 105 ^ (c> 37, hi ^ 

Copy the following table for counting number N and complete it 
through N = 30. ' , . ■ • 



N ■ 


Factors' of N • 


Number of Factors 


Slim of Factors 


1 . 


. 1 " 


"1 ■ . 




2" 








3 


.1,3 * . 


2 




k- 


1,2,4 


3 


• 

7 


5 


1,5 ' ■ 


2 




6 


■ 1,2,3,6 




12 


7 


• ■1,7. • ♦ 


2 


8 


8 


1,2,^8 


. 4 

1 


15 1 


a. 


Which numbers represented by N in the 


table above have 



exactly two f actord?? • , * 

b. Which numbers N ,have exactly three factors? . 

c. If N = jp .(vhere p is prime number), how many factors 
does,. N hav^? 

d. If N =t pq (where p and q are different prime numbers), 
how many* factors does N have? What is the sum of its factors? 

e. If N = 2*^ (wl;i€jre k " is a counting number), how many factors 
does N have.?' - 

* • * 

'a. Is it possible to have exactly four composite numbers between 

two consecutive primes? If so, give an example, 
b.. Is it possible to have ..-exactly five consecutive composite 

numbei^s between two ^onsecutive primes? If so, give an example. 



28 

* * . 

■ 178 / 



Given the numbers 155, 222, 783,. IO65. Wltteiit dividing ^ 
answer. the following questions. Then check your answers .toy dividing.. . 
a. Which nundbers are divisible by 3^ ^ » ' 

t . Which numbers are divisible by 6? ' • 
c. Which numbers are divisible by 9? . * 
d* Vftiich'nuflibers are divisible by 5'* • 

e. Which numbers are divisible by f5? 

f . Which numbers are. divisible by U? . ^ 

6. 112 tulip bulbs are to be planted in parallel rows in 9 garden. 

DescribQ all .possible arrangements of the bulbs If they are to be ^ 
planted' in fetjrai^t rows with an equal number of bulbs per row* . 

?♦ Ten tulip bulbs are to planted so that there will be exactly five 
rowe with four bulbs in each row; Draw a diagram of this 
arrangement. , "* ' 

8. ' Which of the fol^lowing numbers are divisible by 2? 



On 
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Chapter 8 
JDtEClMAIS, RATIOS^ ASD FERCENTS 



\ IntTOductlon 

Bjr.the time that a youngster reaches the seventh e;rade| he should* have 
^>Vl)een exposeid to the fundamental operations with decimals • Qinite often he 
' . will be familiar with the algorithms but not with- their rationale • Thus, 
he may know hoi/ to shift" decimal points in division, but ^t^iH have no. 
idea why he is doing J|D, \ / 

Consequently, the first objective in f)resenting & unit *on#dec^&ls In ^ 
. . / grade seven is to review the tundaiAental operations in terms of their basic 
meanings ai^ ratipnale^ This, proves to *be a hon-trivial task, inasmuch as • 
\.. seventh^ graders all too often Yeei thiit they know eveiything they should or 
wish to know about deqimals, at le|ist insofar as the mechanics arcs involved^ 
They do not look^ith favor upon what they consider to be a review of eleme^r- 
taary mathematics • It will, therefore, take "salesmanship^* to convince them 
of. the JLmportahca of understanding what they are doing* -"^ 

A second major objective for teaching a unit on decimals is that the 
^^.-dffvalopment of xke ^et of real numbers, together with its properties, is 
best accomplished through a discussion of decimals* In Chapters ^-^1 we 
have developed the niJ&ber system through the set of rationale . In this 
chapter and thp next we shall use decimals to explpre some of the properties 
of the set of real numbers . ' ^ 

There are numerous social applications of decimals and percent 4v'that 
can bfe introduced by the teacher, although most texts now tend to* place less, 
» emphasis on. such applications than has been the case jln th6 past. 

We should note here that various textbooks differ on the language that 
it. 7?»ic^ jp -A4>g^grr^ /^on-tmai e for exsmple, although some texts refer to 
"decimal fractions,?' this terminology will be avoided here* 4^^-^ 



8.1 Decimal Notation ^ 

'The notation commonly used for decimals is merely a matter of convenience. 
Actually, .we could have managed if decimals had never been invented, but it 
would have been far more difficult to compute than is now the case. We also 
need decimals to help satisfy the demands of the real world. - Thus, the exper- 
imental scientist does' not work with numbers like n and /2 , but raiher 



l8l 



with such rational appro5cfite*r±t^s .d^ these numbers as 3.1^+16* and l.klk2 , 
The history of the developpent-.of fractions is an interesting one. . The 
ancient Egyptians, for^exanqjlip/.VTOte all of their fractions as the' sum of 
unit fractions;, that.ls/as 'sfractions with 1 as numerator. (The only 
exception was the fractiph-' | for which a special symbol was used.) For 

example, they wrote: . * 

' * 11 2 

• two- sevenths as • 25 ini^t'ead of" 

.•; five-sixths as ^ k instead of | 

.*.**' • 

The Rhind 'Papyrun has a set of tfi|||ies that show how to express many 'fractions 
inXerfnc of unit fractions.. . ' ' 

'* . Itt a cenne, our study of decimals begins through an extension of . this 
system. Tha,t is, we now wish to represent every fraction in terms o^ a . . 
special set of fractions, namely those with denominators that are powers of 

ten. • ' 

* . if we consider the set of unit...fractions with denominators that are 
powers of .ten, we can 'see that decimal notation i*^ merely aiiother way of 
naming the nunjbers represented by these fractions* lor example, we write: 

• . • / -±- =: ,1 (one-tenth; 

10 ■ ■ . « 



*^4>^' -i— = ,01 ' (one -hundredth) 

' , 001 ( one -thousajidth ) 



1000 

It is important for youngsters to see that ^ • and .1 are two differef 
names for the same number; only their form is different. Again note that 
He could have gone along very well using the fractional-forms;, the^ decimal 
notation is merely a convenience and not a necessity. ^ 

. It is well to provide seventh greders with an opportunity to write . 
decimals in expanded form, making^use of powers of ten and exponents* They 
have already done so for whole numbers and now should do likewise for deci- 
mals. For example: - . 

^ 372.1* . (3 X io^) + (7 X 10^) + (2 X 1) + (1^ X ^) • 

' 1 1 

3,ih6 = (3 X 1.) + (1 X ^) + (U X ^) + (6 X ^) 

= (3 X 1) + Cl X ~) + (U X + (6 x ~) / 
10 10" 10^ 
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The similarity between this l^t expansion and the correspondiiig decimal 
interpretation shown below should be apparent. 



■ 3. =3x1- » 3 X ; 

« ' ■ .1 =1 x'il = 1 X ~ 

,CA- = It X .01 - ^ X ^ 

A .006 = 6 X .001 = .6 X ■'■ 




1000 



■. .. s. ■ ' . " . • , 

Recall that the value of the one's place can be written as a power of 

■ <^ . ■ 

ten using zero «^s the exponeni?. ' '^""> 

^^'W .. > . 10 - 1 / . ■ • 



Ifhus, if desired, we may write 



5.67 = (5 X 10°) + (6 X ^) + (7 x.-^i . 

■ 10^ . '10^ 

We can use expanded notation to - help us express decimals in fractional 

form as follows: 

0.23 = (2X^) + (3X^) 

■ " . = J- + ^ 

' 10 100 - 
" 100 100 . *■ 

lao 

b. . 0.3146 = (3 X ^) 4l X + (4 X 3;^) . (6 X jgig^) 

■ I 

k 
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10 100 100.0 10000 

< ,= . . _ 3000 , . 100 ho 6 ' ♦ 
" 10000 10000 " 10000 ^ 10000 

3146 ■ 
~ 10000 

I 

•■ ■ 

Again we note that we merely have two different ways of naming **the same 
number • Furthermore-, . we note that a number written with one decimal place* 
represents "tenths/' one with two places represents "l:iundredth&,** ^d so forth • 

For better classes this is a good place to, introduce the concept of a 
negative exponent. Consider, for example, the expansicm for 0»3l46; 

0,31^6 ^ (3 X 10"^) + (i X ro^^) + (4 X 10"^) + (6 X 10^^) . 
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Here we note that 

• • ■ . ^° . \^ \ ^° ^° 

• -^v • ••■^ " ... 

In general, lO"" = , where n Ms -e whole number. (Indeed, it is true . 

for an^ integer n. ) . .» ^ 



With this Last definition we have noW^'giV^.n a meaning to any integer as 
an exponent, ^be it pgsltiv^e, 2:ero, or negat1.>fi'. '\The familiar rules for com- 
puting with exponents can 'now be extended to Iqclude* all integers as. exponents. 

For all integers a and b, ^ 

a b d+b 

ri x D =% n y, • \ 

n ■ 4- n = n ^ v / 

• ■ - ■ . - -y 

This is also an excellent opportunity to extend a V^aant^s understanding 
of decimal notation by considering other base notations as w6ll. The pattern 
is the same>^ however, instead of powers of ten, we use 'powers^ of r whatever 
base has beW-feraployed, He;re aye Several examples of expanded noliation in 
other bases. In. each case the numerals In the expansion are written in base 
ten notation. However, we should be careful not to call the nomerals on the 
left "decimals" sinore this would imply base ten, . \^ 

.2^3.231^^.^^^ = (2 X 5^)h(»^ X 5^)+(3 X l)+(2 X i-)+(3 X x ^) . I • 

•1^632 = {k X (6 X ^) + (3 X i) ^-f (2 X ^) 

/ seven ^ 7 ji , 

We can express these numerals.as base ten numerals merely by completir^^ 
the indicated computation • 

.3'^2,,ve = (3 X ^) - X ^) . (2 X 

97 . ' * • 

. =125 ' . 



•.3'^?five = '"^"^^en 



Class Exercises 



Write each of the following in expanded notation. 




3. .32^1^^^ 
V seven 



Write as a numeral Xn base ten notatlctt: 



8.. 



five 



6. 32 A3 



five 



7« Write each, of the following as a pover of 2 using negative exponents. 



In the following figure l^e^J^nt P indicates* tl^ midpoint of the 
interval from 0. .to 1.- Name the coordinate of this point with a 
numeral in: 

(a) * base two (c) base eight 

(b) base four (d) base ten r:\ 



8.2. O perations with Decimals 

Nonnally one should expect seventh graders to know how to add^ subtract^ 
multiply, and divide xfaiional numbers written as decimals. In grade seven 
we wish to provld^ oKPOi>tunlties for the maintenance of skills. At the same 
time it is Impoitant' that we stress basic meanings and understandings. 

\ In this sectiwr^we^^Sh^y^^j^ briefly the manner in which the funda- 
mental operations with decimals may be treated in the seventh .jgrade. 

Addition : ' - ^ . 

\ The distributive property is needed here and should be reviewed first. 

Becall that this property states that for all numbers a, b, and c, we have: 

, *• ' . 

a • (b + c ) = a.' b + a • c 

Now suppose we wish to add two numbers written in decimal fom; for , 
example, 0.23 + 0.61^ . Certainly the seventh grader will know that one needs 
to "line up" the |^ecimal points and add, but may not know why ve proceed in 
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this manner. We can. Justify this process by e'3q)res8ing the numbers, in 
-fractional form and then using the distributive property. 

Therefore, 

O.23.+ o!6U = (23 X -i^) + (6U X 3^) 
.... =. (23 + 61V) X . 

- ^ ■' • ' • •. ■ ; : " 100 . ; • ■ 

= 0.87 . 

We then show that this -same result can be. obtained far more conveniently 
by writing one numeral below^the other. 

• \ ' 1 

* 0.23 ^ In this formlwe. are adding the number in the ^ place in ^ 

0.6k . the first addend to the number in the^ ^ 

0.87 second addend, and so on. That is: / ' 

0.23 = (2x^) + (rxi55) 
- ' ■ 0.61. = (6 X ^) + O'x 1^5) ' 

0.23 + 0,61. =. <2 X ^) + (6 X '5^) + (3 X 31^5) + (1. X ^) 
(2 >.6)xA + X3+:»^) x^ 
= (8x^) ^ (T xji^) 
• " • = A + -I- 

10 100 

_ + -I- ■ . 

~ 100 100 • 

, _ JL .. • ' • 

» ~ 100 

/ 

Note how the distributive property has been ...used twice. We ^ould also 
have Justified the addition in th*i& manner: ' ^ 

0.23 + 0.61^ = 23(.0l) + 61.(.0i) 

= .01(23 .+ 6k) 

*. = .01(87) = 0.87 .■ 

Note that this latter Justification ijnplies that we know that the 
product ,01 X 87 is equal to O.87 . However, this can always be exp^-ained 
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by returning .to fractional notationf 

.01x87. =: jioX87 ^- 

. . • ' . ' 100 ' ' . 

■ ■ ' ' K = 0.87 . 

When regrouping ("carrying") is involved, we can Justify the usual 
process as follows: 

Procedure : ' Justification ; 

6.75 0.75 + 0.50 = (75 ^150) + (50 x ~) 



1.25 



100 

100 100 



Stfctractlop 



'/^ • The subtraction process can be Justified in much the same manner as 
addition and thep-efore need not be explored. in great dete^il. For example*: 

0.82 - 0.37 - (82 X ^) - (37 X —5) . , 

= (82-37) xj^ 

Again^ the development makes use of the distributive property • 

Using fractions, the rationale of the subtraction. process can be illus- 
trated as follows: 
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0.8^ 


15 100 


- 0.37 


* 10. 100 


ts 


7 18 

. 10 * To- * 100 

-i ^ 

" 10 " 100 




10 100 .100 
10 • 100 




; f . 


• 


10 100 , 


6 


10 100 



10 100 " 100 100 100 ^ 



Multiplication • • 

The pMcess of multiplication with decimals may also be developed through 
the use ofVf ractions . ,Again, it is important to realize that decimal noljation 
is merely «\convenience, not a necessity, and that we could get along quite _ 
well using onS^ fractions. For ej^ample, let ua consider the product 
0.3 -x 0.25 in fractional form: / 

0.3 X 0.25 



(.3 x^)'x (25 x^) 

10 



= (3 X 25) X (t^x-—) 
. 10^ 

- 75 X (-^) ■ . 
. . • , . 10^ 

« 0.075 ... 
Notice the use of the associative and comtoutatlve property of multiplication 
in going from the first to the second step. 
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When we see multiplication of decimals /^prked out in fractional form • • 
we begin to ^ee why we add the number of decimal peaces in the two factors 
in order to find the number of decimal places in the product../ In the preced 
ing exaarple we multiplied a number expressed in tenths by one expressed in 
hundredths. In fractional form we found the pi^duct: 



10 



10 



10- 



This suggests the reason for the usual rule of adding the number of decimal 
places; we are, In reality, adding exponents that are powers of 10. .It 
may be helpful to see this process using nejgative exponents* 

0.3 X 0.25 = (3 X Ip'-'") X (25 X lO'^y 

• = (3 X 25) X (io'-" X 10 ) 

» 75 X 10'^ 

; ' = 0.075 . ^ 

We need to be careful, however, . in our treatment of zeros. *Thus, 

according to the preceding discussion, O.k x 0.75 produces a product • 

expressed. in thousandths. 
♦ 

O.k X 0,75 =^ X 3^) X (75 X 

:- = (1. x75)*x (t^x-^) 
• . 10 



300 X (-^) 
10-^ 

.0.300 



However, we usually express this product as 0.3j " that is: 

0.300 



1000 



•, 10 

= 0.3 
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Class Exercises 

9, Find the suta + O.83 -by ijfeing the fractional approach given in 

thla section. 

.10. Fihd the difference 0.58 - 0(29 by. using the fractiond-^Approaclj.. ^- 

* . . •'•.•*, ^ * * ' ' - ' ■ • * 

11. Find the product 0.23 X- OAj' ;by ^siag 

(a) a fractional approach? ■ ' ••■ •* 

(b ) negative exppnents • ^. *" »t r . • ; . - ' J •.''■'■I^^ *| /■ v\V 1' 
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Division . '• ■4--V'> ^-,^« ^ 

The approach to division with decimals should alaC) be built, upoii the 
assumption that the seventh grader has been exposed to the topic, but needs 
a fresh look at the rationale of the process as well as practice with the* 
operation^ . We may begin by assuming that the student knows how to divide 
• with whole nunjbers. Therefore, if we are able to legitlmatei^y convert a 
. division problem that involves decimals to an equivalent one involving whole 
numbers, then we shall be in good shape. Consider, for example, the quotient 
53*75 -i- 0*5 . Written in. fractional form we have: . .. . • 

53-75 ^0-5 ^ • 

100 

Now we multiply this fraction by . 

.53J^ 100^ 53>75.X 100 

0.5 100 " 0.5 X 100 . \^ 

50 

Thus, our division problem is reduced to one that involves whole numbers 
. 1 * 

only. We divide aiid find our quotient to be 1072 ' 107.5 

/ ^ - * — 107 

/ 0.5 153-75 — 



\ 



53-75 4 0.5 - 107 ^ 




m 

o 
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From our knowledge of t&uiH>lplicatlon of decimals, we can check the division 
by verifying that 0.5x107.5 = 53.75 • \ a jr . 

We then piroceed to shorten this process somewhat by "shifting" the 
decimal point so that only the diyisfir is a whole number: . y 

^ ■ V . • . 0.5|5T^ — — 5 1537:5 . . . 

This is legitimate in that ve are really multiplying both dividend and 

* ■ ' ' ♦ s 

•divisor by 10. Ohat is: ^ . 

'X)*5 ^ 10 \ 5 • . \ 

■■• . * . ' . ' . • . ^<J. ^ . d 

Now all we need to Justify is the location. Of the decimal point in*the quotient* ^. 

We do so by noting that when the divisor is. a whole number, t]ien the dlvidejjd ' 

and the quotient must have the same number of decimal places. (!Ehls £|)llows 

from the fact that the produci of the quotient and the divisor ^ivea the 

dividend. ) . Since our . revised dividend is expressed , In tenths/ then tha^quo- " ^ 

tienl? must also be in tenths. * By placing the decimal point of the quotient 

directly above that of the dividend, we locate the decimal point of .the quo- , 

tient automatically in the correct place. ' v 

As with multiplication, we need to be careful with zeros in the dividend / ^ 

when locating the decimal poin^ using the met^dr^Just given » .For example, if 

in the previous, example, the divisor were O.U, then we would have ' « 



0.^53 -75 ^ ^ I 537-5 — ^ 1537:500 -\ 



Here the quotient has the same number of decimal places as the dividend priiy 
after zeros have been affixed to the dividend. < « ' 

An alternate explanation to divisic>n. with decimals that you, the teacjjer, 
may appreciate is biased upon the equation showing that the product of the^ 
quotient and tiie divisor gives the dividend. It parallels closely the first 



method showil above. ^ . 

, ' • ♦ n 

. ' 0.5 [ 53.75 ^ 0..5n .= 53.75 

Multiply by 100: 50n = 5375 

.. . . ■ > 5(lOn) = 5375 

Divide by 5: lOn = 1075 



However, this answer^ 1075>* is times as'large as we wish. There*- 
fore, the quotient must be 1075 ▼ 10 ; that is, n = IO7.5 . 

Explora'tion of the division process in terms- of exponential notation is 
also* revealing. For example, note how we me^ divide^ O.125 by 0.5 : 
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Here^ls a good place 1so give special attention and emphasis to estimation 
of answers* This should serve to. preyeat many errors in location of decimal 
^gal^ts* The ycyn^raJ^er who recognizes that 21.75 ^5 Is approximately 
wiii thSn realize* that th6 decimal point In the quotient should be located 

as • • ' ' ^ 

This .completes our discussion, on operations with -decimals. In the next 
chapter we will locfc again at decimals and see how.^they can be used in devel- 
opihgJthjB set of real numbers. 




12."''*Jand t^ quotient Q.65 4 2.5 hy^ 

'/ . (a) the equation approach as given^ in this section} , . 

• it) use of an equivalent problem 'Involving a divisor that is a whole 
number. Tv^i^'- 



0 . 



■ . . . ■ ^ • " ■ . V 

8.3 Batio and PropoiH^ion 

A ratio is used to compare two numbers. When we. spesk- of the ratio of 
two numbers, we are referring to their relative- sizes. Thus, if two ^lumbers 
are in the ratio of 2 to 3, the first is two-tfiirds as large as the ' 
second. If the number of element? in two sets is In the ratio 2 to 3, 
• then eve^jptwb elemeirts of the f irst^ coirespond to three elements of ^he 
second. .This ratio ife sometimes written* a^ 2:3 . ratio indicates a 

.^Si^^aspokdence \3etween the nxambers and 3. How many other pairs of . 
nuffltoers have ii'his same correspondence? Soiiie bf them are - (T 
' ^ h ind 6 

6 and 9 — 
• 20 and 30 . ^ 

V 2U and 36 . / J? 

■ '^r 192 ' ^ . 



Indeed, we have an unlimited choice of 03:»<^red pairs of numbers that have the 
same correspondence or ratio • In general, any ordered pair of lAie form 2k 
and 3k, k a counting number, are in the •same ratio, 2 to 3.. Notice 
that refer to these as "ordered" pairs of numbers. Changing the ord^r of 
the two numbers compared changes their ratio* Thus, while U to 6 repre-. 
sents the same ratj.o as ^^2 to 3, 6 .to h does not. The only case where 
j this does not happen is when a number is compared with itself. For exampte^ 
•UO to 14-0, 70 to JO, and 257 to 2^7 all represent the same ratio. as 
1 to 1. . . 

Since many ordered pairs of numbers may be in the.^ame ratio, it is 
common to express them in "reduced." form. This requires dividing each numbet 



by the greatest common fact 



cm. ! 



IHius, ration*' «tfch as 



0 

. 800 
1600 



to 
'to 
to 
to 



k. 

10 
20 
ho 



are usually written as ^0 to 1. * . % 

We frequently use ratios*, which^ are comparisons^ between numbers, xhen 
comparing quantities such as distance"* in miles and time in hours. For example, 
using the figures above a person who travels 160 miles iri h hours averages * 
tli^' same rate as one traveling hOO miles in 10 hours or 8OO miles ±la 
20 hours. In each case the ratio of the number of miles traveled to the 
number of hqurs^spent traveling is 1^0. .to 1. Using" t^iis ratio, it is likely 
that each will describe his rate as 14-0 miles per 1 hour or simply as 
kO mph. ... 

In the formula d = rt, we find that r . equals the ratio of d to t . 
where again the -variables represent only numbers. Thus, we write 

d • . . 

^is indica^^es a fairly common practice of using fractional notation to rep- 
resent a ratio- In general, the ratio a to b (b ^ O) is written either 

a:b or r • Every rational number can be thou^t of as a ratio. This again • 
b • 

emphasizes the interp'tagtation of a fraction as an ordered pa^»r of numbers. 

If we have two pairs of number^ which represent the same ratio, such as 
2. to 3 or 14- to 6, we may write •'^^ 

• • ' 2:3 = kiG 

or 



2 
3 



1* 
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Such a statement of the indicated equality of twd ratios is called a proportion > 

^ Hov can W tell if two ratios are the same? TGr example, do ^[jf^^cL 
^ represent the same ratio? ' Ihe ratio^ of ^ is the same as i , 1 number 
in the f^rst set for every 3 in tlie second. The ratio ^ is the same as 
^ / 1 , member in the first set foj^^every h . in the second. Clearly thesfe 
descri.be different correspondences and we conclude that* jg- arid ^ do not 
represent the same ratios. * 

Treating ratios as rational numbers we can compare them using the 
property: . . ♦ 

r * I- if and only if ad = be. 
• • . D a 

' In the' example we find' 6 X 32 / l8 X 8 aiid thus conclude that the jratios 
are not equal I . ! 

We are often confronted with f^^ding the fourth member in two pairs of 
numbers which name the ssmie ratio. For example, for what value of d will 

the ratios ^ and t te the same? The problem becomes , one of f inding a 

.5 ■ d . ■ ^ ■ ■ 

replacement for d that makes the following true; ^ ^ 

"... 36^- ■ ^ . 

The solution can readily be found from the corresponding equation 

• . . 3d « 5 • 6 . . * - 

You knoV of the many applicatiorfs' of proportion 6nd we will not dwell on 
them here. Proportion is also an excellent way to approach percent, ag we 
will do in the next section. As some simple proportion problems, let us 
solve the following: * ■' ^ 

.1. If the ratio of department head's salary to a teacher's salary is 



11 to 10, what 'increase could a teacher with a salary of $7600 
expect if jforomoted to department head? 

Solution : Here the proportion is ^ 

11 s 

, 10 ^' 75oo • 

Using the condition for equaii^;,-At^^^^h^ 

10 • s = 11 • 7600 
10s = 83600 
8 = 8360. 

Thus, the increase is ^^^p. 



2. If the ratio of the football coath's salary to ^ teacher's salary 
is * 115 to. .100, what increase could the same teadher expect if 
Assigned as coach? 



Solution: 



115 _ s 

100 " 7S00 



100s = 115 • 7600 

^ '. s == 87*^0. . 

Thus, the incre4se is $llUO# 
... / 



Ihe important point here ( apart ^ from the salaiy problem) is the method 
of solution. It is a general method of solution and is applied(*in all 
problem situations of this nature! • . 



Class Exercises • ^ 

l^. You have Just finished Chapter 7 in a book of ik chapters* ^ What is 
the ratio of the chapters finished to the?"'tqtal number of-^-^hapters? 
What is the ratio of chapters remaining to those finished?. 

Ik. Find N in the following proportions; 

(b) ^^T^ - -Cd) ^- J 

k 

15* If the ratio of cats to dogs in a certain city is h to 3> i«e», j , 
how maijy cats are there to go with the 3663 dogs? 

16*^. In a ce1H;ain city people ,are fond of a drink made of two ingredients in 
~ ' a ratio of 3 to 2 (sometimes.. 3 to ;i or even k to 1). How 

much of the second ingredient should be used to go with 32 ounces of 
the first ingredient (using the 3 to 2 ratio).? ' . ■ 



Q.k Percent • . ' 

< ■ 

One of the important topics of junior high sphool mathematics is percent 
Yet many students find dt either confusing or just plain boring; Part of thi 
reaction has come from the teacher^s lack of ^knowledge concerning the rela- 
tionship of percent to the rational numbers and mathematics in general ♦ The 
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other part coaes'from attention to applications of percent valuable to the 
eAult but singly not meoiiingful or significant to the Junior hi^ schpol 
student. i ^ * ]|p 

- , The recent approach to the^^aching of percent focuses more attention on 
percent as a way of comparing numbers, *as a form of a ratio, as a form of a 
rational nuiaber, while minimizing. the usual attention given to applications* 
. ^ There- is nothing mysterious about pfercenta. The word "percent" means ^ 
hundredths. ^ The symbol "){" is used for convenience and offers a short way 
of saying "tim68 Thus, 1^8 percent means . O 

Ab a* ratio hQ% compared h6 to lOO* Other, ration such as 2k to ^0 and 
12 to aare equal to the ratio kQ to 100 and hei^^e may also be ex- 

pressed as hQ%* While the percent notation is very common and frequently 
used to express the ratio between two^nimibers, it is not used directly in 
calculation. * To compute with k^i^ the percent must first be expressed 
either as. a f ractibn or afi a decimal. To. express ^8% as a simp^Llfied frac- 
tion, first write it as a fraction with denominator 100. Then by use of the 
greatest common |^actor in numerator and denominator, simplify the fraction: ^ 

100 . 25 f ^ 

To expresfil as a decimaly' first express it as a fraction "with denominator 

XOO. 

. • 1 

To represent a fraction such as ^ as; a percent we need to find the 
number c such that , ' 

S 100 • 

We know that we can r ew r ite the above proportion as the equation 

1 • 100 = 6 • c . 



2 

Since 6c = 100, c = . Thus, 



16| 



Z 100 

a 
b 

a c 



In general, any given ratio, ^ , can be expressed as a percent by find- 

a c * c 

Ing ^he number £ such that ^ « • The expression ^qq njeans the staie 



as c . or.^^cX . 
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This development illustrates the role of paroportion in percent problems* 
Maaay new textbooks, including the S^BG: Mathematics for Jiuiior High School > 
present percents exclusively through the use of proportions. This generally 
helps to make tiie subject clearer to the student. However, studentB need to 
master and memorize maoy of the, simpler percent conversions at the Junior high 
level. This requires\epeated oral dirill and review of the ^decimal and percent 
forms of rational nyunbers like 

i 1 • 1 1 1 1 

3 ^ IT ^ 5 * 5 V5 '.;i2 ' • 20 ' 5o • ^ 

As we insist that students memorize the multiplication table as well as ^ 
.*^ow how to multiply, so should we require the student to memorize basic 
equivalent forms of percents, decimals,* and fractions'as well as know how to 
. solve: percent problems through propprtions. t . ' 

In the past, many 7th grade books have treated percent in great detail 
by classifying all problems into three cases. The "three cases" of percent 
have been overdone and in most new books this treatment is either reduced or 
not found at all. All "three cases" niay h^. handled the same way, by writing 
a proportion with one denominator equial to 100 and finding the. missing 
number. Examples foll^ow to illustrate the procedure.. 

i.. If 28 out of ^0 transistors failed to meet the specifications ^f or 
feeat .sensitivilsary what, percent of the transistors are defective? , 

Solution: Since the total number is hO and^the number defective is 
28, the ..proportion is 

28 c . - ' 

IvO " To5^ 
' so that -^Oc = 2800 
c = 70 . 

- - Thus 70% are defective; 

2. If Janice needed ^70 for a cheerleading outfit, and earned 92% of 
the total by babysitting, how much money did she earn? • 

Solution: Here we know both the percent ^and the total, so that our 



proportion is 



a ^ 92^ 
70 ^ 100 



and a = 



V a = GhMO 
Thus, Janice earned ^&\.hO ♦ 



92 * 70 
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In a box. of ballbearings, 11 areyrejected by an inspector as being 
faulty^- If this represent kk% of the total production, how many ' 
were produced? . * 

■J -\ 
olutlofi ! In this «ase we. know the percent and the part or number, 
rejected, so our proportion is . 

b " iSo 

^ kk\) = 1100 ' 

■* * * . • . 

Experienced teacjiers will recognize each of the TSLbove problems as one of 
the "three cases"' of percent. Notice how all threel are* treated the same way 
through the use of proportions. With- ejcperience students will begin to short- 
cut writing the proportion, but at the beginning this approach is a simple one 
for the s^detits to master. Mach jof the rationale jtor this work has already 
;,been done in -the treatment of ratlbnals and decimals, so that most of the 
material is not new. 

^ / c \ 

One . shortcut in writing the proportion is to replace the percent KJqq) 

by an equivalent decimal or simplified fraction. This can be easily done 
once the students have developed ^kill in recognizing the relationship among ^ 
the percents, decimals, and fractional forms of rational riumbers. This short- 
cut replaces the proportion witH tHe familiar foiiRUla :v * 

* 

p = rxb. - ^ 

The ^i|iCfabJ^9s ,p, r, and ,b represent numbers: t , 

- ^ r is the rate or percent; 
, y. ' 1. * b . ts the base or number on whic); a rate is applied; 

— p is tke percentage or part of the base determined by 

the rate. 

Notice that the term "percentage" hag a meaning quite distinct^ from 
"perceat". ' ^ - ^ 

Again pej:*cent problems shoftld not be classed into three cases but all 
solved directly from the same formula, p = r x b. In this form the three 
ej^^les Just given are expressed ajs foll6ws: 

1. p r X b 2. p = r X b 3» p = r X b 

QP hh 
28 = r X 1^0 . ^ .''100^'^^ 11=100^^ 

. r - 70% P = 61^.1^0 b = 25 
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^7 



' <S'. 



^3 



If the. Student Is first iuiroduoed to the solving of perpent problems 
through, the use of proportions^ there is les9 chance, that he will have 
difficulty identifying the percentage tad the b^e properly when using the 
equation fom. 

Clasjs Exercises 

17. Write each of the following as a percent: 

- (b) i. ■ . , (d) ^ ■ ■ '< 

18. Find the- fraction which corresponds to' each of the folio^flg percent s; 
. . (a) 37|X * (c) .26% 

(b) 1%/ ... , .•• (d) 5.125% 

19. Changes are often given in tems of percent in order to provide a 
standard^for comparison. Thus, terms such as "an jincrease of 25%" 
or "a 10% decrease:" are encountered. Students sometimes have 
difficulty in setting up the appropriate proportion. Ttie change in "^k- 
either case is expressed as a part of the original quantity. 31ius, ;^ 
a salary of $4.U0 per hour reflects a 10% increase over a salayjr 

of 4^.00 per hour. 

If a person receives an 8 % pay cut during a "retrenchment" and 
. later receives an 8 % increase, how does his final salary compare 
with his origij^tal salary? 

20. li^ a book is printed by a photographic process which reduces th^ 

original by 15 %, how long should a segment be if itx^s to be k^^^ _ 
in the finished book? ' 



\ 



Students are frequently troubled with perc)5nts less than 1 % and 
greater than 100%. If percent s have beenv introduced as another way of 
representing^ ratio or fractional name for a rational number, then students 
should have little difficulty with these special percents. Indeed, there 
is nothing special about them; they cany exactly the same meaning as per- 
cents from 1 % to 100% and they are used In operations in exactly the 
same way. Recalling the definition of percent, we can write 
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similarly, / ; _ : 

■ ^; • ...^50% ». 150- = ^y'loo - WO," 2 • 

Writing a' numeral such- as j or ^ aa a percent poses certain problems. 

Primarily, these are problems of folm in* notation rather than anything else. 

. 1 '■ * ■ 

Thus, writing g as a percent gives 

• * 1 c ,-, • 

' • ■ H " 100 



or 



c - 12| 

4 



We may write l^X, or , which f s plcward^ ana clumsy, or 

O.lffi . The last form Is probably the most useful for calculations* 

' ' * 1 ■ ■ 

A similar problfiia arises when we write, j as a percent. 

' Id' 



* ... 3 " 100 

or' . 1 



Here again we have alternate forms for expressing the result. We may write. 
33!^, —-i- , .33|, °^ -ass... as the resulting percent. Vtore _ . ^ 
attention will be. given to repeating decimals like .333 • > In the next 

chapter. " 

This chapter has dealt with several topics, some of which appear In 
seventh grade bods. ..whereas others are found only In newer texts. The discus- 
sion of ratio and percent was brief, being related. to the previous work on 
rational numbers and decimals. Presentation of these topics In the classroom 
Is probably best done with the same approach, rather than treating them as 
completely separate entitles that are new in all respects. Using the student* 
ba^ground in these areas makes, .the topics easier to teach, learn, and recall. 



Answers, to- Cl?iss Exeycisea 



. " (2 X XO^) H- (7: X 10) .+ (U X 1) + (5 X ^) + <8 X -i^) 



". ■ .2.. (9* x: 1) + (0 X ^) + (8 X + (7 x.-^) + (5 x A-) 
3. (3 X 5) + (2 X 1) + (Jv X ^) + (1 X ^) 

.. (2 X X) + (0 X ~) + 4") + (1 X ^- (6 X -t) 

^ ■ 7 7-^ " .7 - 



5. .0.58^ 



10. 



6. 17.92 



8. (a) .1; 
9. 



(b) 2 
(fc) .2. 



-1 



(c) Z 
(c) .1* 



(d) 2 



-3 



two ' four 

.0.1*5 + 0.'83 = (1*5 X —5) +.(83 "X 3^) 

■ . (1*5 + 83) X \: 

• ' . . - ^|8,x^ ,,- 
128 
■ 100 
100 

' 100 100 
= 1.28 

0.58 . 0.29 « (58 X ~) - (29 X p^) 
= (58-29) x^ . 



eight '^ten 



= 29 X 

29 
~ 100 

= 0*29 
11. (a) 0.23 X 0.1*5 = 



100 



= (.23 X — ^) X (1*5 X — ^) 
• 10 10 

= (23 X 1*5) x:-^ x.J^) 

10 10 

= 1035 X -\ 

10 

= 0.1035 



(b) 0.23 X 0^45 = (23 X lO"'^) X (1*5 X 10" ) 

X 

.1* 



(23 X 1*5) X (10"^ X 10"^) 



1035. X 10 

0.1035 . 



(e) 2 



-6 
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So 



12. (a) a»5| .0«t^ . > 2.? n = O.65 . " W ' 

. 250 .n =• 65 ^ 

. . iOOO n =i €60 . ' 

■ n = .26 

; .26 ' ■ . 

(b) 2.5 foi^ ITTs- —^25 1^30 

• ■ ' . ' ' ' ■ • " " •* 

13. :;to2;' 1 to 1 . * . V . . 

U. (a) 5 ^ (b),. 1»» (c) ^ . , (d) 15 

15. mk . : ; 

16. 2li oz. .' , • 

17. (a) 20% (b) \% (c) 2|% (d) 5000% 

18. (a) i . (b) 4 (c) j§ (d) ^ 

19 ♦ The salary will drop to 92% of the original salaiy and then be.. 
Increased by 8% or an additional 7.36)5, to end up as* 99*36 
of thai original. an example a salary of would be $920)5 

with an 8)5 decrease. To Increase this salaiy by 8X we take 
8)6 of $92p or $73.60 so that the final. salary is oniy $993 -60 

**» 

20. 5 infehes 




Chapter Exercises " 



. 1. 



2. 



Write each of the following in expanded notation, 
(a), 32.7eb (13) ^2.3^1, 



five 



Which of the following; statements are true? 

.-1 1 
' 3 • 



(a) 3" 



(b) 7° = 0 

= 125 



(e) 3'^ 



< 3" 



(c) 5' 



ftsing the fractional '^^^Bch-^iyeili in this chapter, evaluate 
• each of the following: .-• . 

.(a)- 0.27 foA7 - * *v-(b) O.UxO.37^ 

Find N in each of the following proportions: 



5. 



If two triangles haw the same shape, we say that they are similar. 
We define similar triangles to be triangles with corresponding 
angles congruent and corresponding sides, proportional. If A ABC 
and A DEF aTe similar with the ratio of corresponding sides 3 to 
2, find all sides if - AB = 6, BC = 12, and DF = 10. 




6. 



7. 



■^1 



Write each of the following as a percent. 




(a)"l6 



(b) 1 



1000 



Let A = 15 and B = 20 . 

(a) A is what percent of B? 

(b) *® is what percent of B? . 
Jc) A ia what percent of their sum? 

(d) B i6 what percent of their product? 

(e) Their difference is what percent of their product? 



Chapter 9 
TOife Real Number System 



IntTOduction 



This chapter will complete our development of the real number system 
as it should be seen by the Junior high schQol student • All too frequently, 
students at this level fail' to see the complete picture of the real number 
system and hence enter into algebra with certain gaps in their backgrotinci . 



$•1 Reviewing Properties of thq Rational ' Number System ^ 

# f 

'\ In the past chapters we fiave developed the properties of the rational 
number system* All solutions 'to equations of the form bx = a, a^ and b 
counting numbers, are positive rational numbers. With their. opposite s 
(negatives) and zero, they form the complete sey of rational numbers. 

Likewise, we noted that every rational, number can be named by a fraction 
in t^e foarm ^ where £ and ^ are integers, q 0 •ij 

You alreaay have observed the familiar properties for rational numbers, 
which may be summarized as follows: 

Closure ; If a and b are rational numbers, then a + b is a 

rational number, a ♦ b (more commonly written ab) is a rational number, 

* a / • 

a - b is- a ratipnal number, and — is. a rational number if b / 0* 

Commut at ivi ty t If a and b are rational numbers, then 
a + b = b + a, and a * b = b * a, (ab = ba) . 

Associativity : If a, J), and c are rational numbers, then 
a + (b + c) ijb. (a + b) + c, . and a(bc) ^ (ab)Q./ • . 3 ' 

Identities : There is a ratio.oal number tero such that if a Is a 
rational number,..^iien a^+ 0/= 0 + p There is a rational nunlber 1 
such that a • 1 = 1 • a = a. 

Distributivlty : If a, b, and* c are rational numbers, then 
^ a(b. + c) = ab + ac. 

Add it 4 ve inye r a ^ : If a is a rational number, then there is a 
rational number Ca) ^uch that a + (~a) 0. ^ 

Murtiplicative inverse : . If , a is a ratix^nal number and. a f 0, 
.then there is a rational number b such that ab =^ 1* * 

Order: If a and b are different rational numbern, th^ 
elt||ier a > b, or a < b. . . ^ 



9«2 Repeati ng Decimals ' ^ , ^ 

Let us lopk once again ot the 'use of ^decimals in *i*epre seating rational 
numbers. The counting numbers, which form a subset of the set of rational 
numbers, are expressed in decimal form simply as - & 

. 1, 2, 3,.^, 5, 6, 7, . ^ 

Other* positive rational numbers written in • fractional form can jreadily be 
represented as decimals.. If .a fraction has a denominator that is a power of 
ten/ it is easy to write the fraction as a deciimal because. our decimal system^ 
of notation is based on powers of ten. For exan5)le: ' ,^ 

. ^ 10^^'-^ ^100^*-^' ^ 1000 ^•'^'^ 

If the denominator of a fraction is not a power of ten, the fraction 

i 

jiBh often be changed to an equivalent one whose denominator is a power of. 
^ten. For example: - . " 

/ 5 10 ' • ?=^iooy: 

On the other hand, a fraction like 7^ cannot be written with a tt^n6iai- 
inator that is a power Sf ten. and' a numerator that is a counting nuplber. ^ 
To show that this aannot be done, suppose for. a moment we assume yfchat we 
can write such an equivaleOt^ fraction. If such a fraction does exist., then 
we wbi^Ld have t^^o ways of naming Ihe number one-seventh and we could write 

1 a 

where a is a counting nitmber and n indicates the power ot ten. Using 

a c 



the property that if ^ = p "then ad = be, we get 



^ . 10" •= 7 • a 



Now 10 can be factored as 2 , so ^ lo" .= (2 * ?).'^.,^, • ^ Thus . 
we-'caniWil-te./- • • ; ' .1 ^''-r ^^^^ -^ 



.n .n 



The expressions on the left and the right of the equatloni represent two : 
factorizations of the same number. One involves the primfe factor 7; the 
other does not. But this is impossible since ttie Fundameiktal Theorem of 

Arithmetfc says that a number has exactly one unique primd factorization. 

• \ - 1 

Therefore, we conclude thftt our original assumption is falM, and that ^ 

cannot be expressed as a fraction with a denominator that \b a power of 



ten ai^d s numerator that* is a whole number. * \ 
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in decimal^ foim by dividing t^e numerator 



^ We can, of course, express ^ ^ 
1 by the denominator 7. We already know that at no stage in the division 
.can we have a " 0 remaindeir because this»impli^ that we can write i as a 
. fraction with a denominator that is a powep gf 10. Therefore, as we divide, 

there are only six reminders possible, (l, 2, 3, 5, 6). As socmi. as one 
^ of these uunibers appears for a second time, the sequence of digits in the 
quotient will repeat. * * ^ 

T|i .ooooooQ ^ ^ * : 




This is the same as the 
first remainder* 

V 



At this point the (sequence of digit* 11^2857 begins to repeat itself 
in the^ quotient and will continue to repeat indefinitely. The quotient is 
usually written in thef "following form. 



i = 0.1428571^^2857 ... 

TheT^ar (vinculum) over trfe sequence '^142857*'' indicates the set of digits 
. -ttiat repea^ts. The three dots' indicate that the pfjttem repeats indefinitely, 
Note that the sequence of digits started to repeat In the quotient as 
aoon as one of six possible remainders appeared fggr the second time. This 

does not imply that all possible remainders must appear. Consider, for 

* 2 fl 

^ex;.ample, the decimal, representation for * Here the set of possible 

• remainders contains ten -elements; however, the repetition begins after only 

two of these remainder a are used.. • * • . 

.1818 
11 12. 0000, ^ 

11 

— = o-iSiH ... 

\ 11 
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r. Other ^aa^ies of this notatlott'foi' repeating decimals ar6 given her^. 

The syittbojism adopted for repeating decipa^ can be used for all decimal 
expansions* of rational nunabers* For example, we may. write 

'J « 0.6 =^.6do' . . '-r 

5 . ' • ••■ _ /-^ 

^ = 0.125 = 0*125QO .•. 

. In this sense we can then say that evexy rational number can be expressed 

as. a repeating decimal, often called a periodic decimal. Soflte o£ these, as, 

i and i . above! will repeat onl^ zeros. These are frequently called 

5 o ' ■ iii ■ • 

"terminating!' in the sense that the rei«ating''zero need not be written In 

the decimal, 

How can we tell \rben a fraction | can be written jw a fraction with 

a denominator that is a power of ten? These are the Tractions that have 

terminating decimal forms, that repeat zeros only. We start with the rati&nal. 

number p and: q relatively prime/ That is, lejb £ be in lowest t^ntoi 
q ^ ■ ■ ' " ' ^ • 

First let us note, intuitively, that if a fraction has a denominator \ 

that can be written as the product of a power of 2 ' and/ot a ppwer of 5 !# 

then it can be expressed ^ a power of 10. Here are «dme examples; j 

o JUL . ^3 2! _ ^ ^ _622_ " 622 _ y 



In other words, w can multiply by approVie^^e ^^ers of 2 and ,^^5 in order 
to pj^duce a denominator that is a power of 10. . ' 

In general, .we wish to see which rational nuunbers ^ can be written in 
the form -A? , -where lil and K are counting numbers- Let us assume we 

have the following: ^ * 

. £ ^ _N. . . • 

<i : 10^ • 

Therefore, .. . q • N = p • 10 



and N 



p ♦ 10^ 

q 



Now since p and q are relatively prime; q does not divide^ p, and 
must therefore dl<rlde 10^. But the only possible factors of 10^. are 
numbers that "are powers of 2 or 5 . Thus we may conftlude that the rational 
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^^Mfliber can be written as a fraction with denominator that Is a power of 

* Q * * ^ - . 

10 If and only If the denominator q can be e:q)ressed in the form 
m ; and ..n whole ^umbers,* . . 

Class Exercises * ^ 

Give the next five digits in each of the following decimal ejcpressions. 
.'.(a) .2727.. • (c) .11331331... .' ."" 

(t): Ai25lli^ ... (d) .121313 .... * 

2. Which of the following are true statements? . 

(a) .37^737 ... = .3737 ... ■■ * 

(b) . •.37373. ... < .3737 - . . ■ " 

■. : (c.) ' .3773rf ... = .377377 ..'.' .. . / 

V' (d)' .373T ... > .377377 ... ' ' .. . ^ 

3. Using'the notation of this section, exparesa each'-'of the following in 
decimal form. . 

,(a) i ■ (b) 1 ^; (c) ^ . (d) ^ 

If.* Which of the following fractions can be expressed as "terminatiftg" 
• decimals? * ^ 



.\ We have seen that every rational number can be written as a repeating, 
decimal. A related que^ion is whether ^ery repeating decimal names a * 
rational number. . Certainly^ there is no problem If the decimal expansion* 
"terminates" (repeats 26ros)*. • For example: 

^•23 - 0.7156 - 10000 

For decimals that have sequences of repeating .digits^ not all zero^ other 
methods are needed. ' • •* 

One method for expressing a repeating decimal in fraction form uses 
the clever technique of subtracting out the repeating digits of a non-term- 
inating decimal thereby producing a terminating decimal that can easily be 
handled. This manipulative "trick" is illustrated in the exaxriples that 
follow. . . 
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■ Let ' ^ N = .1*5^5^^ ..V ^ 
First fliultlply N by lOfO, "and then subtract N from the product, . 

iqO.N = »»5.45^ ... 
■ . ' - . N = .k^^ . . . . , 

■ . * 99 N = U5.OOOO. 

■" 99 N -^.U? 

... ^ 99. -. , - - 

= ^ ■ ■ *' >• • 

. • ■ . 11 « • , ••. 

Note t'hat multiplying N by lOCf^ has tlie effect of aligning the repeating 
■sequences of the decimals in N and ,100 N so that they can be subtracted 
to give zero in each case . The example shows that 

As another example, let 

N = .123123 ' ■ . 

■ . . . • 

First multiply by 1000, and then subtract as before. This gives a new , 

^decimal where the repeating sequences are zeros. Do you see why 1000 was _ 
chosen for the multiplier here? 

,1000 N =j 123.123123 ... ' 7 

^ N =1 .123123 .f. 
. ■ 999 N n 123 

^999 

•■■ • JiL J ' 

' 333 . . . , ■ . • 

Notice that the repeating zeros found by subtraction have not been'written in 
'thisr solution. From the example we see that 

in 



.123123 ... = 



333 



Unally consider N = 2.1^75^' . 



100 N = .247.565^ ... 
- N = 2.4?^^ ... 



99 N*= 245.09 
^ - 99 
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This can also be written as ^^^9^ , which is clearly a rational number. 
\ . , 9900 
That is, we have shown that 2.k'J^^b is the name of. a rational number, i . 

'The method Just described is found in many ;}unior high schobr mathematics 
texts* While appearing plausible. at first glance, a closer study should 
revfeal that a very fundamental assumption underlies the.. technique. Indeed, 
caa we really multiply and subtract "infinite" decimals in this manner at 
all? We would like to say (actually we assume) the answer is yes. 

Other methods are available for expressing repeating decimals in-f raction 
form. They too assume certairiv.pro'perties regarding computing with "infinite" 
decimals. One Involves the use of decimal forms of unit , fractions with 
deaomirxators one less than successive powers of ten. For example: . 

• ^ = .nil' ... - ' 

. - = .010101 ... 

^ = . 001001001 ... 
999 ^ « 
. 1 



9999 



f= .00010001 



The pattern in these decimals •should be apparent. 

■ ♦ 

To write .hyi^ ... as a fraction we p'rooeed as follows:' 



.1^555 ... = H5C.OIOI ...) 

99 



. " 99 ~' • 

11 

The technique vill work for any number of digits in the. repeating sequence 
of the decimal. For example: 

.123123 ... = 123 (.001001 ;"..) • 

• /ft 

1 123 
= 999 
_ jfl_ 

. 333 ■ • - 

This method treats repeating decimals essentially as infinite geometric 
series. This, of course, is exactly what they are. 



.^555 ... =^-^-^* ... 



1°° 100^ 10o3 



1 



.123123 . ... - + 2 7 

?1I 
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5!he exampjLes 9f this section suggest; the ^following conclusion that we 
shall- accept as true. . v 

• . Every rational number can he .^expressed as • / * 
a repeating decimal, and every repeating 
decimal xiaa^ a-'Partional number. 



Class Exerclges : ' ' " 

5. Write the following products as repeating -de clip^s if . N « .2929 .i. 

• (a) 10 "N ■ ■, • -(°) , 2 N 

(b)' 100 N " (d) 7 N ' 

■6. Writis the foiloid.ng differences as repeating decimals if A = .,222 ... ■ 
and B = -333^ ' * 

(a) ^ - A . ' lOA - B. ' " ' ■ 

7. Express each of the folloiring as a rational number in fractional form. 
' . (a) -STSf " ' (b) .135135 

8. (i) Express each of the following as a :^raction. ' - - 

/ .999 ^ - .U999 

(b) On th^ basis of the results found In part (a), is it^nm that 

,999 .... 1.000 ...» 

f s . • 

and • > * ' 

.U999 ... = .5000"... ? r 

(c) Does every terminating decimal have a second correspbiading decimal 
^ ... ■ * > 

form that ±b non-terminating? ^ ' ^ ' 



'9.3 Irrational ' Numbers f.^ - ' ^ 

In our'' discussion of the ju^sitive rational numbers we noted that they 
could be defined as the solutions to equations of the form 

where a and b are counting n(unbers. Thus 

^ 2x = 6, 5x - 9, Tx = 4 
all lieve solutions that are positive rational numbers. 

Let us turn our attention to another form of equation. What is the 
nature of the solutions to equations of the form 
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vliere k Is a counting number? 1 ^ 

• What vfiXufiB of ^ X . aake the sentences 

* 2 2 2 „ V 

tijie? With these, questions we open up an' entirely new area of ^vestigation. 

• • Can x^.;= 2 be solved with a rational hufeber? OThat is, is there a 
rational number ^ such that » 

Before answering this question, let us- consider soiae appropriate 
remarks from number theory. . ' / 

Let p be a whole nmber. The number 2p is then an even number. 

2 2 

Likewise, its square (2p') =» J+p . is an even number. For any whole number 
q, 2q + 1 is an odd ntanber. Similarly, its square, 

'(24 + 1)^ • »fq^ + »^q + 1 • ' . 

is an oj^d nuniber^ T3iua^"-we have established the properties that: 

(1) If a nimiber is even, then tfie' square of the number' is even,^ 

(2) if 'a number is odd, then the square of the numbe^ is odd. 

• • ** .1 
' . Likewise, we can' establish two additional properties; * 

(3) If the square pf a number is odd (not even), then thte number is 
odd (not even). 

(1*) If the square of a niamber is even (not odd), then the number is 

even (not odd). ^ ' . . . ^ „ * 

(Those readers familiar with logic will note that the la^st two prppertieSv 
' .9|e this contrapositives'bf the firat twg^ and hence must necessarily be tinie.) 

We will now use these four properties-- to investigate the nature of the 

2 

solution to 'the equation x = 2^. ^ ^ ^ 

2 a 
Let us assume that x = ^ has the rational number r ^as absolution, 
.i, — ^_ a ^ * 

Further, let us assume that — is in reduced form, * where a and b_ 'are 

relatively prime'. This occurs when the greatest common factor of a and 

' b is 1. In'other words, a and b have no factors in common other than 
— ^ c ■ ' 2 

• 1. If a solution in the form j is found for the equation x = 2, then 

an equivalent fraction ^ (a and * b relatively prime) always^ exists. 

2 a 
^Thus, assuming that x =^'2 has the solution x = g , we get. 
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= .2b 



P 2 2 2 

a is even, for a ja 2b . or a^ is of the form 2n, From 



We see that 

property {k) Just mentioned, this means that " a I s even also* 

' . Since a is even, we may write a « -20, c a counting number. With 

2 2 "* 
this in. mind we may also write a 2b as 

{2of « 2b^ . : . 



= 2b 



2c 1/ = 



2' 



is even. 



must be even.; 



Tljis leads us to the conclusion that s^nce 2c 

However, if b is even, b is even* 

'From our assumption that x. 2 has the solution ^ .(a and b having ^ 

no factors in colmmon), we aare forced to conclude that both a and b are 

even. ^ But this is impossible, since for a and b to be even, both must 

hav^ the conjmon factor 2. Thus, we can ohl^y conclude that bur assiamption 

2 ' a • 

was false; the solution to x = 2 cannot l^e written in the foi^m ^ and 

is not a rational number. , • . 

We *heed-a number other tSian those in the set of rational numbers for a 

solution tt> 2. We agree to wr^te one solution as i/2 such that the 

numb^ /2 has the property that ^ • . 



(From our study of negative numbers, we see that '1/2 is also a solution to 
= 2 since ("^) ' \' = C^f = 2.) ' 



a?h^numbe^ ^2 ..Is an example of an i/rational number. Others 
which you., may rec)Ognize as solutions to 



are 



X = 7 



While these are irrational numbers,* we can make rational approximations to 
them. > . 

For example, to make a rational number approximation to i/2, we proceed 
as ffellows. 
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^ '\ . l.t .'< < 1.5 ., V ; 

•■■.,v Since (lA)^ s 1.96 and (1.5)^ =• 2.^ 

" < 72 < l.k2 ... • . •■ • 

' '. . * ♦ ■ ■ sinae (l.Ul).^ = i.9881 and (1.42X^..= 2.0l6it 

■ ■ ' . X.Ulv' < 72 < 1.1*15 J - 

Continuing this process ve can approximate the value of the irrational number 
1/2 between two rational iiUmbers to the nearest ten-millionth, as 

■ l.lnlv2135 < V2 lAllva36 . ■ .. 

• Since (lAllv2135)^ = !• 9999^82358225, we havis a rather good, approximation ; 
■• .to" V2. ' . . ' . . Y '. . ' ' ■ 

Pictorlally, we can. represent this approximciting process on the rat^nal 
^ number line by enlarging sections guccessjlvely^ as needed^ sho^ the finer 



subdivisions. 

Rational 
Number^ 
^Ifae 




* ■ ^ • ■ . . t ^ u'^tt, I 

l.p+Q' 1.42 l.kk 1.46 .l.ltS . I..50 



1.45 1.1*7 



/ 1.1*1 1.1*3 

We note at this poiny that while V2 is an 'irrational number, it does 
correspond to a particular point on the number line if we think of the line 
as a continuous set of points with no gaps. This is readily illq.strated 



using the I^thagore an 'property. 



"2 



-1 




0 '1 
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Apparen*4x there are points on the line' that do not correspond to - 
rational niimbers. This is indeed true. In fact there are inifini'tely many 
points on the number line that cannot be named with rational numbers. Each 
corresponds to an irrational number, 

A 

Class Exercises . 



^, Every counting number n 1^^-^ither even o% odd. If n is even, 
we may find a whole number p such that . , 

n = 2p . • 

• : If n* Isv^odd, we m&y 'find a whole number q such that 

■» • ■ 

* " , . n = 2q + 1 . 

(a) For each n lieted in the set { 2f 6^ iQ, kQ ], 
'find can appropriate p, 
\ (i). For each n listed in the set { 3, Ti 33/59 ), \ • 
find an appropriate q» 'r 

•10. By the method of squaring shown in the text, verlf^^^bhat 

1.732 < ^ < 1-733 • ^ ' ^ 



In the SMSG IntroductiQn to Secondaiy School. Mathematics , Volume 2, 

_ — — — . 2 — — ^ 

there .appears a proof that 'the solution, to x = 2 is not rational. which is 
based upon the possible cases , of -oddness and evenness for a and h^ namely, 

(2) a even, b odd; (3) a odd, b^ eve^vf and 



fi) a even, b even; 
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y{k) a odd, b qdd. 

Another interesting proof 
may be shown yith base three 
numerals, "Base three r^umerals 

- end only in the digiiis 0, 1, 
or 2. If tlr^ey end iTi 0, 
their squares end in 00, If ^ 
they end in 1, .their squares 
end in 1, I:^ they end in 2, 
.their squares end in 1, Hence 
the squares * of \ any ^Qjimber 
(except Q) written in base three 
eiids in 00 . or 1 , The extended 
multiplication table for base 



Extended Mult ipl icfttion ' Table 
Base Three 
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three illustrates this property. ^ / © 

b 



2 a* 
.' As before, Mre assume that x = 2 has a- solution x = r 



2 2 

relatively prime) and therefore" a = 2b • First, consider the case when 

/ 2 ' 2 2 

the base three numeral for b ends in 1. From . a = 2b we see that 

iihe base three numeral^ for must end in 2. 

... • I = 2b^ = 2(___l) = 2 

But this' is impossible since no squares have base three numerals endiiig in 

2 

the digit 2. Hence the jassumption that the numerral' for b ends in 1 is 

V • 2 • 

false; We Consider the only other possible case; the numeral for b ends 

~ 2 2 

in the digits 00. This time because a = 2b . we see that the numeral for 

must end in the digits 00. ^ 



.a 



= 2b^ = 2( 0 O) = 0. 0 



Now if the numeral for b ends in 00, the numeral^ for b ends in 0. 

.. w 2 ' 

Likevise., th6 numeral for a ends in 00 and hence the numeral for a" 

ends in 0. . But every base three numeral ending in 0 is divisible by 

three (10^, V. Hence ! ^ and a both are divisible by thr^e; they hav6 ' 
three . — — . - r 

a common factor. However, this is a contradii3tion since part of our original 
assumption^ was that a and b . are relatively prime^ , ^ 

.^Our only conclusion celn be that our original assumption that x =^ 2 
has the solution x = ^ (a and b relatively prime) is not true. The 
solution to X = 2 is not..a rational nuigber. . , 

2 

In this section we have^shpwn that x = 2 cahnot be' solved by . a' ^. 

rational number. We gav^. one solution the name 72 and called it an irra-»' 

tional number. (Reopll a seconjl solution to ;bhe same equation is /2 which 

is also irrational.) Other similar sentences have irrational , numbers such 

f 

as 1/3, 1/5, and ^/f for solutions. There are many other types of J.rrati6nal 

22 

numbers. One very familiar irrational number is n . Khen we use -tt- or 

' r ^ 

3.IU for ir .,in our computations, we ar6 only using rational number approx- 
imatidns to the irrational number n. Still other examples of irrational 
numbers are given here,* ^ ^ 

I- 

.2Tt>:. -It,' 2 + /2, 1/2 + /3,'' 2^, . (^)^ 

In the next section we will learn more about these numbers that are not 
rational. . • .. 



9n^' ^ Heal Numbers • ' . 

We havp learned that various kinds of questions may be asked with 
counting numbers. Many of thesis take the f om of open number sentences such 
as 5x = 75 that can be solved with counting numbers* Othe!rs> such as 
3x » Z\ are answered with positive rational numibers. Still others, like 
« 3, can' be answered only with irrational numbers. 

Tkie seventh grader should be familiar with the. count Ihg numbers and 
the positive rational numbeirs. . In the eighth grade he will learn about 
the irrational numbers and will study negative ^s well as positive numbers. 
Attention will be 'placed upon these numbers and theix p3X>perties and how 
they develop . into the set 9f real nunBers • . ? 




In the SMSG text Mathematics for Junior High School , Volume .II, a 
chapter is devoted to the real number system. We will give here some of 
the key 'ideas presented in the chapter not because thejr^elong . in the 
seventh grade, but because the seventh grade teachey should have this 
background. One of ^^the primary objectives of the junior high school 
mathematics program is to show students tiie developing nui^ber system from 
the basic counting numbers to the reeCL number system*. Granted, this can • ' 
only be done informally at this level. Yetf it is essential that students 
begin to see the relation between the completeness of the real numbers and 
the continuity of points on" the refel number line f 

We approach our study, of the real numbers through the use of decimals. 
Seventh grade youngsters are often hasty to assume that all decimal repre- 
sentations are names of rational numbers. Such, df ci^urse, is not the case 
* . — . 

We need to explore the set of declm'al expansions that 40 not repeat^ that 
is, that are not periodic. 




We have already encountered an exantple of an irrational, number in an . 
earlier section when we discussed 4z. Although 1/2 is a bona-fide number, . 
it has a decimal e3q)ansion that, is non-periodic. How do we know that the 
deciiaaal expansion for ^ does not repeat? It has an infinite number of 
digltsj we could never hope to visually check to see that it has no repeating 
sequences! Recall that we exhibited a, method for -representing eyeiy repeating 
decimal in fractional form <wd concluded that all repeating decimals named 
xktional numbers. Now 42 cannot b? expressed in fractiqnal for9i as we 
have already /shown. .Hence, it cannot be- expressed as a repeating Veclmal . 
That."^, the decimal expansion for 42. does not repeat; it does nbt term- 
inatef, Indeed this is what distinguishes it from the class of numbers that 
we have been discussing thus far. We now can define rational and irri^tibnal 
numb^6rs in teims of their decimal representations. 

A rational nOmber Is any number that, has a periodic 

(repeating) decimal reparesentation. 

An Irrational number is any number that has a non- 
periodic (non-repeating) decimal representation. 

The system composed of both the rational and irrational numbers is the . 
real number system. Every real number is either rational or irrational. 
If the decimal representation is periodic, the number is a rational number; 
otherwise^ the number is an irrational number. 

Each jof the following^" is the name of a real number. Can yo\x tell which 
ones, represent rational n<ijabe|rs? ^ 

^ a. 0.1231^ ... ; ^ 

. , - b. 0.2578' 

^ c. 0.37200 ... ^ ' . ■ 

a. o.ioiioiiiGiiuo ... ^ 

e. 0.213213321333 ..." 

The first three declfnals on the list are names for rational numbers; 
they are ^periodic decimals. (Recall that a decimal such as 0.2578 can be 
thought of as repeating ^eros thereafter.) The last two %re obviously not 
periodic and therefore represent irrational numbers. Both have a pattern • 
to show you how to continue , to write additional numerals in the sequence^ 
but this pattern does not consist of a set of repeating digits. All five^ 
decimals, however, are representations of real numbers. 
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A. detailed study of the decimal representation* of the set <^ real numbers 
together with the properties of the real number system, does not normally 
occur until the- eighth grade course,^ It has been Included here* in order to ^ 
provide you . with a brief ovex^vlew jDf th^ development- of our number systeb. ^ 
The set of real numbfers Is now said to be complete , Every real number 
'corresi>onds to a ijplnt on the number line, and every point on the number line 
corresponds to a real number. ' . 

One Should not Infer from the above Illustrations that all irrational 
number^ have decimal rej)resentatlons which, yhile non.- repeating, do exhi'bit 
patterns. The digits in the decimal- expansion for ^ have no pattern. 

* ' 72 = 1.1^1^^2135 

Likewise, the decimeSL expansion for jt at no point exhibits amrbhing other 
than random ordering of 'digits. 

n = 3-^ 1^159 2653^ 89793 ^1^81^6 261^33 8S279 
It is with respect to this latier point that the set of rational numbers 
differs from the set of real numbers. For each rational number there corres-^ 
ponds a point on the number line, -but there are points on* the numb^ line 
that do»not correspond to any rational number. For example, 72 is not a 
rational number, yet can be located on the number line. 

The set of real numbe^rs, as 'well %s the sets of rational and irrational 
numbers, are sttid to be dense . That is, between apy two ^ist^^nct real 
numbers there is always another real number. Indeed, between any two real 
ninbers there aire infinitely many more real numbers. For example, consider* 
the real numbers: • 

a. 2.3^^53^53^ .... (rational) , 

^ b. ..* (irrational) . .' 

' To aqcate a real number betweerv^theBe two we need to have in the fourth 
decimal place a digit between 3 and 5, that is, \. Thereafter, by^our 
pattern, we can locate either a rational or an irrational number between - 
the two given numbers, liire is an example of each; 

• . a. 2.3I+53' ^5?+5 ... • 

rational .: 2.3I+5I+ 3^+5^ .•• 

irrational : 2.31+5^. 5>^5^^1+ ... 

b. 2.3I+55 3te55 ... • ' • ' • 

Can you find others? . 




Class Exercise B 

11. Classify each of the^ f ollowirijg as rational or irrational, 

(a) 0;i85Tl^ ^ (d) 3-ll^l6 . • . 

Cbr, 0,070770777 ... ' ^ (e) 7^ * • - r /v. 

(•c) 0C112111221111222 ...^ (f) 1^.2500" ^ • * / 

Write the next 'nine digits in the decimal expansion of iJhe; real numbers 
given In partis (a), (b), and. (c) of the preceding exercise, 

13. Wfite a decimal for a rational number between 2.38^^384 ..; .and 

. . 2,3^3^ ... * ■ ' . 

I 

Ik. Wi^ite a decimal for an Irra^^ional niimter between •©•725l^725l^ • • •* and 
15... ^ Order the -following real numbers from smallest to largest: . 31^31^35^ .. . 

■'■■■\^k3kh3hhk .ikk^!^^-..., .31^331^3331^ .'.., J' 5§ • 



9.5 Properties of the Real Number System " — 

. * We have presented, in Chapters 5-9> a development of the properties of 
number, systems fl*om the set of counting numbers through the set of . .real num- 
terg. This material Is normally developed in far more detail than given here 
as part of the mathematics program of grades 7 a^d It is imi)orttarft 

\^ have youngsters see the overall structure ofr-the i^^al jnumber system^ to- 
gether with the ^properties of the various subsets of IfMN^et of real nbmbers. 
It Is equally Important, however, that opportunities be pro'^ided for practice 

^of cctoputational skills at this grade level. Neither of these aspects should 
be negl-ected. 

^ summary oiC these last chapters 'we present here the properties of the 
real number system. . ^ ^ . 

• / 

Property A * Closure , • 

{.a)^ Closure under Addition. The real > number system is closed under - 
the operation of addition. If a and b are real numbers then 
*a + b is a real* number. . . * 

(bLgJJlosure urlder Subtraction. The real number system is closed tinder 
"^^phe operation of subtriaction (the inverse pf addition). ^ If a 
and b are real numbers then a - b is' a real number. 



(c) M^losure under Maltlplicatlon. The re&L nuinber system Is closed 

under the operation .of multiplication* If ' a and b are real 
. . numbers then a • b Is a real number* 

(d) Closure under Division* Ihe real number system is closed under 
* the operation of division, (the inverse of multiplication)* If 

a and b are real numbers then a ▼ b (vhen b / O) is a 
real number* • . 

. ^ The operations .of addition, subtraction, multiplication, and division 
on real numbers display the' properties which we have ialready observed for 
ratlonals. These may be summarized as follows t 



Property 2* Commut ab i vity , 

• • • ; .* . . 

(a) If a and b are real numbers, then a + b « b + a, 

(b) If a and b' are real numbers, then a • b = b • a* 

i " 

Property 2^* Associativity 

(a) If a, b, and; c are real, numbers, then a + (b + c) 

= (a + b) + c* ' . ' f 

(b) If a, b, and c are real numbers, then (8fb)»c = a»(b-c)t 

* 

Property U . Identities 

(a) If a is a real number, then a + 0 r= 0 + a = a* xZero is the 
identity element for the operation of addition* 

(b) If -a • ts a real number,, then a • 1 = 1 • a = a. One is the 
identity element for the operation of multiplication* ^ 

Property Distributivity / 

If a, b, ahd c are real' numbers, then a»(b + c) = (a*b) + (a»c)* 
. Property 6* Inverses 

(a) If a is a real number, there is a real number "('a), called 
the additive inverse^of a such that a + ("a) = 0* 

(b) If a is a real number and a 0 there is a real number 
b, called the multiplicative inverse of a suclftthat 
a»b =1. 
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Order 

^number system is ordered. If a and b are different 
real nuiobers then eltber or a > D. 

Property 8. Density 

The real number system Is everywhere dens^. Between , any two distincl^ 
real numbers there is always another real number. Consequently, 
between any two real numbers we find as many more real numbers as 
■we wish. In fact we easily see. that: . (l) There is always a 
rational number between any two distinct real numbers, no matter 
how close; (2) There is always an irrational number between any 
two distinct t€9lI numbers, no matter how close. 

The ninth property of the syatem of real numbers is one which is not 
^shared by the rationale. . \ 

Property 9* Completeness 

!pxe real number system. Is complete. Not only does a point on the 
nuniber line correspond to each real number, but cpnversely, a 
real number corresponds to each point on the number line. 
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Answers to Class Exercises 



(a) 27272 



(b) klS^k 



(c) 33133 



(d) 13131 



(a 
(b 

I 

(a 
(b 

(a 

(a 

(a 



0.333 ... 
0.71'^2857142B5 



2.92929 
29.2929 



.111 .. 

± 

11 

1 1 

r ' . 2 

1, 3, 9, 2k 



(c) . .010101 ... 

(d) .1538l^6l53b46 



(c) .. ... 

(d) sT.o^^ ... 

(b) 1.885 ... 
(b) yes 

(b) 1, 3, 16, 29 



(c) yes 



1.732 < 1/3 '< 1-733 
'a.732)^ < {^f< (1-733)^ 
2.999821^ < 3 <. 3.003289 



(a) raticmal 

(b) irrational 

(c) irrational 

(a) 185185185 



(d) ' rsctional 

(e) rational 

(f ) rational 

(b) 077770777 (c) 111112222. 



Answers will vary: two possible answers are 
2.384735IIT , ^ 2.38^^738^^5 

Answers will vary: twi possible answers are 

Q.725'i50550 ... , 0.7£5'i85li885li888 ... 

k > • •3''33t333't , .3't3''3'' ••» , .3't3''''3lilili ... , 

li, .3W3l3r... • 
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Chapter Exercises 



Write the decimal esqpwsl^n* for. each of the following rational numbers: 
(a), f (b) I {c)\^ (d) I 

Give the next five digits in each of, the following decimal expansions: 
(a) I3535 . (b) .353553555 • - (c) .355355 • • . 

Write a rational number in fractional form for each df the following: ^ 
(a) 0.1212 (b) 0.1^3253^ ... . . (c) .6999 

Classify each of the following as either a rational pr an irrational 
number. ?i 

(a) ^ (b) iSf (c) ' (d)' I (e) - >^ 

Repeat Exercise k for the folloving: 

(a) .171T ... (b) .171771777 ... (c) .17117 

(d) .171171117 ... (e) .17000... 

Which of the following numbers is the largest? Which is the smallest? 
(a) ,ki (b), .1^353 .... (c) .1^3^33^333 ... 

(d) ..Iv3lv3ir ... (e) .lv34W^ ... 

Write two decimals for (a) a rational ntuttber and (b) an irrational 

numbepibetween 0.3^^5355 ... and 0.3^5331^5333^5 .•• 

• 1 *2 3 5 6 

Write the decimal expansions for ^ > f > 'f > J > ^ * ^ ♦ 

. Try to find a pattern that recurs in each of these representations. 

1 12 

Repeat Exercise 8 for the thirteenths from through . 

Between what two consecutive counting numbers are the following? 

(a)' < 73 < (e). ^<>^<_ 

(bO- <Vl23< (f) < 791 < 

(c) < yiT < (g) ■ < 722ir < 

(d) < 729 < (h) <75|< 



11« Solve each eq[aatlpn« 



(a) 


3x = 91 


(i) 


3IX = 558 


(b) 


2 

X « 3 


(J) 


k^x. = 98 


(c) 


hx " 96 




Jx = 231 


(d) 


28x = 1 . 


(1) 


Bx = 232 


(e) 


15x = Y5 


(m) 


llx = 176 


(f) 


Ikx = 70 . 


(n) 


llx =175 


(g) 


Bx = 63 


(0) 




(h) 


x^ = 11 


(P) 


x==5 



•ft- 



Classify each solution as a counting t^umb^r, a rational number (not 
a counting num^jer), or an irrational number. 
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(Jhapter 10 
NOH-MEmtC GEOMETRY, .1 

More a^;nore of the basic concepts of geometry are being introduced at 
the Junior high level or even earlier. This is not to say geometry is being . 
treated &b a^Ji^Aictive system in grade seven but that these students are . 
• learning many of the fundamental ideas of geometiy. Several reasons 'exist 
for this "increasing emphasis on geometry.. Many topics in mathematics- are 
being introduced earlier than previously vas the case; geometry is one of them. 
The dejDttise of solid geometry as a full course in its own right and the In- 
clusion of mucti of its content^in the tenth grade geometry course has made it 
difficult to introduce all the three-dimensional conceplJ^ and study them in 
any depth in the time allotted.. The study of geometry introduces a new element 
Into the Junior high school years which in the past have been primarily con- ^ 
cemed with arithmetic. Junior high school students enjoy geometry and easily 
learn many of the concepts which have a "pay-off" in the future. 

Seventh and eighth grade books today, including tha SMSG Mathematics for 
Junior High School , Volumes I and II, include many topics usually not encoui^- 
tered until grade ten. They study, the relationships between points, lines, 
and planes ^in-|pace; angles, trianglea, and poljrgonsj parallels and parallel- 
ograms; basic ideas of measure and congruence j as well as properties of solids. 
This dhapter, and the next, will threat manj^ of those aspects o?S;pometry 
ch do not depend upon the concept of distance or measurement . Chapters 12 

Hi 

attd 13 will introJfcace the idea Of measure and Use it to enlarge the study of 
geometry. 

You are aware tha*^ parts of geometry kre not concerned with distance or- 
measure. This aspect of geometry is called non-metric because of its "no- 
measure" property. An examination* of non-metric properties considers points,"' 
lines, plants, geometrical figures, and shapes in space. Such a study enables 
us to accomplish the following: 

1) to introduce geometric ideas and. ways of thought; 

2) to develop more familiarity with the terminology and notation of 
" "set%" and geometry; 

3) to encourage precision of language and thought; 
k) to develop spatial perception. 
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10.1 Sketching 

In order to discuss and "draw pictures" of what we will be studying^ let 
us examine a few techniques of representing surfaces and shapes. 

Representing points gives us little difficulty and representing, lines 
becomes bothersome .only when we try^to look at them in perspective. Solid 
* figures, in 'general, are not difficult to sketch with a little practice, w 

Suppose we start by drawing a box. We may consider ^he following rec- . 
tangle ABCD as a representation of a box. This is the view from "head on." 




If we think of rotating the^ box., or equivalently, moving to the right and 
standing up so that* we look down at an angle at one comer of the boji, the 
sketch looks somewhat like this: 




Further, if we think of this shape as made of toothpicks, tinkertoys, or rods 
instead of being solid we would see the "back edges^' and the sketch would 
resemble this: 



B 
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Since we now seem to have created some sort of an optical illusion, where 
it *4.^-not fcleari which is front or vribich is back, we make the "back lipes" or 
Lnfi« dotted %o differentiate tha* from the others. 





Class Exercises 

1.. "Sketch a cube (all^faces are sciuares). Show hidden lines as dotted. 

2. . Using theiTlgure above: * . 

(a) Sketch only the top of the box. 

. (b) Sketch the bottom and left side. . . 

(c) Sketch the^top and right side. 

Cd) Sketch the bottom and both sides. 



Below are some conmion solid figures with their names .\ Sketch them, 
without tracing, on a larger scale. 




tetrahedron 






JU-.J. 




right triangular right hexagonal right circular 
frlsm prism 



cone 



right circular cylinder 




two intersecting planes 




three intersecting planes 



10*2 Points • ^ * * * i ' >> 

. Let as return to oar discussion of points, lines, pljanes,, and spkce and 
consider some of their properties and relationships. As mentioned hefore, we 
will' limit ourselves to those aspects of the problem which do not. concern 
metfsvtr^gment . \ 

What do we mean in mathematics ^en we use the word point? This , is one . 
of the words or ^exms of mathematics \(iiich we use to name an abstract con<Sep^ 
or ideei. We do not tiy to 'define a point but rather discuss its propertiepX 
apd characteristics. -We then use this word io define other teima* 

Note: ' The problem of definition in mathematics is not solved by a / dictionary 
approach. When we attempt to define any i0rd, we mst use other woj^ds. 
These then^also need deflnltlpn,' idilch requires still more words. In 
attempting to define all words in 'this manner we ultimately will h*ve 
to use a word that ^^e have previously defined. This then gives us what 
• we call a circular definitloni i.e., defining word A in terms. of 
word B and wqrd B in terms of word A. ^ch circular definitions 
are of no valUe, for*unless we can get outside the circle by sowwhere 
^ polntlng*lo the actual object, we are unable to do more than use oiie 
^ word for another ^/liaaglne yourself with ji^ French dlcHilonary, no 
. knowledge of the ^French language, and a French wor^ for which you wish . 
,the meaning. Finding^ this word Inothe French dictionary only gives 'you 
'.^ I oiher French words which in tttm are defined in French words, and $b on. 

/ - For this reason, in mathematics we agree to accept some words as 
, / '^"^rimitlve** or "undefined «brds** and then use these to frame the def 1- 
/• nititions of other words* \students find it interesting to t^ke a 
' wo'^d, find its definition ln>bhe dlcrbionaiy and contlmie looking up the 
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li&y words until they find the orlglzial word used. , Eacangples are easy to 
find. In one dictionary point is given ai a "narrovly localised place 
Lng a precisely indicated posittM." tfhe key word in this^^defliaition^ 
is given as "the point or area occui>ied by a physical object," 
The saioe dictionaiy defines length in teims of dimension^ dimension in 
N teiTOs of extension, extension as the act of extending, and extend as 
»"to stretch. out to. fullest length ." 

Because of this problem of definition we will not attempt to define the 
terixis point, line, plane, or space. We will, however, state foxmally some 
axioms, here called properties, ^i^ch wlll« describe these geometrical objects. 
Ualng these "properties" or axioms, it will be possible to learn more about 
points, lines,, and planes.. Recall that in Chapter ^"'you did not know ;riaat manj 
of the flints' and operations "really" were, but frcm their definitions as 
given in tc^^es much infoxmation about their behavior was deduced. 

A poini n)l$ht be described as a location in space. But this leads us to 
the circular definition mentioned earlier, for we will use the term point in 
our definition of space* The idea of Isl point is suggested by the tip of a 
s^arp pencil, by a dot on a paper or chalkboard, or the* period at the end of 
a sentence. All these are merely representations of points, and not points 
thexi[iselves; The smaller the dot or period, or, the sharper the pencil, the 
better the reprpsentation. * We usually repiresent points by dots and label thi 
with cagital letters. 



10.3 Sets of Points 

We may think of sgace as the set of all points and examine certain special 
subsets of space;, i.e., sets of points which are* the elements of geometxy we 
wish to examine. One of the first of these is a line . By line we mean a set 
of points with certain properties. Vfe will use the word "line" to mean 
"straight line." Just as a point was rep3:*esented by the tip of'^a pencil, a 
line is represented by the edge of a ruler, a string stretched taut between 
two points, or the "line of sight" of the surveyor. ^ 

Although at tJLmes we refer to a portion of a line, we must be careful to 
make it clear whether we mean the entire line or not. Later we will introduce 
some notation to help clarify this situation. Again, as with points, our marks 
on paper, dmlkboard, and the like^, will be only. representations of lines. We 
will often label lines with lowe]^ case script letters as line i /<^> or >ft/ . 



One of the sin5)leBt and most tasic properties of space represented by 

' the uniqueness* of a line drawn through two points on the chalkboard, or the 

fact that two pieces of string stretched between two points follow the 8a2ne ♦ 

path (as faf as jftiyslcally possible) . Unique, as us^d here, means "exactly 

' one*" 1 

Property' 1 Through any two different points in . , 
*y space there is exactly one line. 

Another method of labeling, or naming llAes is dependent upon this 
property. If A and B are "any two distinct points both on a line, or if 
.* a.lltte passes thrpugh the points A .and B, then we use the. symbol AB to 
denote such a line. 

,B ' 



If thr^e or more points are contained iii <the :akme line, then we say 



such points are colllnear . Thus, points A, B^ 
are collinep^r. 

^ A 



'and C on the line below 



B 



When more than two points On a line are named, we have many ways for naiaaing 
the line.^ We might name the line above as AB, AC, BC, B^^^^'CA^, and "ct. 




With two points only one line is "deteiroined," while three non-(iollinear 
points determine three lines. Four points, no three of which are col- 
linear, determine how many lines? Five points? Can you discover a 
foimila which will give the number of lines determined by n points, 
no three of which are collinear? Complete the following table: ^ 
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Number 


Number 


of 


of 


Points 


Lines 


2 


1 


3 • 


3 






5 




6 




n 






ThVee points-tKree lines 
232 6 ' / 



Aubther basic concept of geometry is that of a plane , Like the line, this 
Is also a set of points in space with certain properties. Intuitively, wi^ 
think of a plane, as having the property we have in mind when we use tenns like 
flat, level, . eveft> and smooth. We will attempt to make this "flatjigrws" mcZre 
•precise a little later. We think of the surface of the chalkboard or our 
paper as retreseuting a plane surface. If we .wish to represent a plane ^in 
perspective with a sketch, we- draw only a -portion, as. with a line. We ilidicate 
a plane by-.a--figure like that below and label It with a lower case letter as 
shown. Remember, although the picture appears to be bounded, the plane it " ^ 
represents continues 1^ indefinitely in the directions indicated. . , 




The flatness of the plane and the straightness of a line suggest that if two 
points, A and B, of a lihe'are in plane m, th^n every point of the line 
through A and B lies in the plane. We may state this -formally as a second 
basic property of space as follows: ! 

Property 2: If a line contains -two different^ joints of 
~ a plane, then the line lies in the plane. 

This property may be stated a variety of ways. We m^ say that the plane 
contains the line, or that every point of the line^ is a point qf the plane, or 
that the ^ine is a subset of the plane. ^ . 

Recalling Property that exactly one line is determined by two points, 
we may wonder abiout points and planes. Given two points, ,hQw many, planes are 
determined? Since vthese two points will determine a unique line we are also 
ag)d.ng-how:HBany planes . contain a sin^e line.^ If we think of the hinges of a 
door the two points, and the different positions of the door as represent- 
ing different planes, we see thai^ any number of planes may pa;5S through "two 
points or equivalently through one line. 
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Just as there Is oaLyon^posltlon for the, door It Is closed^ l«e«^^ 
the tvo hli^ges and the latch determine one position/ i>hree points will deter- 
mine one plane. Considering the same tve points A and B vlth a third 
point C not on AB^^t^hen onl^one plane^ labeled p In the figure belov^ 
: contains alx three points • • 




This Is another of our basic properties-. and ve stat^lt formally. 

V 

Property ^: Any three points not in ^he same straight line 
are in exactly. one plane. » 



1 

th€ 



We seei from this property that three points not in thfe same straight line can 
be usel to name a plane since they locate exactly one plane. IS^the figure 
plane p. may be ViameiSL plane ABC. 

This prppertyv also e:Q)lains the reason for the stability of such things * 
as tripods and three-legged s^^^ls. You may illustrate this by demonstrating 

the ease of supporting a book (plane) with thre^ fingers (points) as contrasted 

_ % V ...... 

with two fingers (points). ^ 



V 



■ • . -ft ■ . . , * 



'*J >Gla8S^ Estefcises • v ' ^ - 

5* How Jaany pla»es are determined by the ends of thq foii^legs of a *tal?le? 

J3oes this help^.explain why' the legs of a table mxB% be the correct lengtS^ 
m . . • in order to. s!l,t steady wjaereas a tripod always sits steacly? Must the legs 
of a *l5feble always, be^ the sanie length? /$ 

10»^./Ii ^^teqtions of ^iries ^nd Planes , ' ,^ • 




\ • SincS«Blp elements of geometry are sets pf points, we have all tl^e /pre- 
, vlously^ defined. properties of sets at our disposal. In the chapter on 'sets,^ 
^tiie term .interception was defined precisely, ' and wp agr^S^tha^^ whenever we 
used thii word it .would have exactly the meantog given in the definition. ! 
.!5his i4 what we do ^th'all te^ihni^al.iWor^is in mathematics* Once they have * 
been. defined 1ihey*will always have the sipaae 'meaning gind be used in the same 
. way. Sometimes,* however, a technical word in ma-Wiem^tics, carefully defined 
in oi\e way, may also be an everyday word Used in a sOme^at ^different sense. 
Such a .word is* intersection . When used with se^^, intersect ion* means only one 
" thingj the sat of - all 61ements^ coniaon to two sets^' .This^ is .the meaning given 
earlier and will continue to be the meaning of Intersect i»on of sets. From 
•this definition we aJLso developed the empty set ^ which we defined to be 
* the set*jdjbh no elements; Thus, the intersection of two .disjoint sets, is %he, 
. ^ eiopty sdt . ^ 

* - ^ In everyday u^ge we oYten speak of a "street intersection" or "two- paths 

* intersecting.*^ *^is meaning is similar to the "points in common" definitic^ 
given above, but in everyday usage if" two streets do xiot meet we say tliey do 
rtot intersect^ rathar than say '"theii* intersection is the^ empty set." 

^ ^ometry and the language of sets developed as ^ two different disciplines 

at two different tipes. Thi^ helps ext)laln.the use of the sdme word in two 

different ways. If we ke'fep these twoVuses of^he word in mind, ^hen a state- . 

. "ipent like t^ following^is -meaningful : 

f k • " * * 

, • • ^Ifvtwo lines dor^not IpterseCt, their .intersection is* 5^ 

the .iempty set . . \ ' ^ ^ * 

^ . -Although tire will try to avol^d statements of this type,,^and the meaning 
» will! usuaJSLy be clear *f rata the usage, the teacher should be ,awetre of the 

* diffierence arid alert to the '.possibilities of confusion on the part of the ^ ^ 
studeiS. . ' ■ " .//^ ^ ^\ '( ' 
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Two Lines *T 



'What possibilities exist for two lilies in 's^ce? If they intersect, 
(by this ve mean -the inliersection is not the enip^y set), they have at least . 
ojife^ point in comniDn. What if they ha-vce tvoi points in common? Then by 
Property 1, they must have ail points in^ comraon.> or we say they are coincident * 

Note; * TwC):Iines:;whose intersect $o»- la -not the empty set^lie in the same 
pljan^. Why? The i>ossible\arrangemetrts.'Of two different lines may 
be described Ih three cases. 

^ ' . ' • . 

^Case 1. / and intersect, 'or fVxf is the point P and not 
' the enapty set. 




- int^sec^ing lines " * *^ ' 

♦ . * • *. ■ • 

Case 2. £ and. ^ do not inrtersect and are^ln the samg plane. 
• (/n-^= 0) Such line^ are said to be parallel lii^s . 
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. • parallel ^ine^ -» 

Case 3. and do not inte^eac and^are not In the same plane. 
(/Pl v^^ 0) Such lines ^e said to be skew lines." 

•^i ' /f—y — f • 

V\j — — 

' , skev lin* _ • ^ 




\ 



A Line and a Plane » . 

A. little thought will reveal the three possible arraugejMnts that may 
exist for a line and a plane in space. Property 2 tells us tbat if two or 
more points of a line are contained in a plane, then all. points are so con- 
tained, and the line lies coEapJ-etely ih the plane. Nothing, however, prevents 
a line and a plane from having one or no points in common. In the foiroer we 
say the line, intersects the plane and in the latter we say the Tine is parallel 
to the plane. 




• Two Planes * , * . 

r — ' — ^ - . ^ / ' 

. If, we coi^sider two planes, 't%e possible, r^elatlonship is that of coincf- 

♦ . ■ ♦ • 

dende. Let us^onfine our attention to^twp different* planes, i.e.,% not 

coincident^ and ask what possibilities exist. Either their intersection is 
empty, so that Ve say tfie planes are parallel,! or the i/fltersectipn .is non- 
eiiqpty.^ ^ ' 

In the 'latter case oi^r intuition and previous efforts at sketching prob- 
8|)>ly led us to expect a line as the intersection. Can we njaJteT'^^is conclusion 
more plausible by using our previously developed projgertles?- * \ 




/If A and B' are distirxci po\ifbs, both contained in the iRterBection -\ 
. of m and p, then by Property* 1 th§y are contained ^n. e;cactly one line, 
say £ .* But^since^ A and are both in plane m. Property 2 tells us 
that line' ^ is in m. , * ' . 
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. ; The same reasoning puts* "i " in ^lane p. 'a11 this s'eems to add weight 
to our conjecture that the intersection is a line. Not^, however, th'at we ^ 
have assvuEed the distinctness of the two points A and. B. We have not 
really proved that the above conclusion is true but let us accept it. as anothei* 
basic property of space, just as we did the previous three., v 

' Property hi If the intersection of two different planes 

^ is not empty, then the intersection is a line. 

> 

This property forces the mathematical concept of a plane to agree with' 
our intuitive concept of plane. Without 'iViJperty k, we have no mathematical 
reason to rule out the possibility of two planes intersecting in a single 
point.. This, of course, contradicts our intuitive notion of two planes . 
. intersecting. 



Class Exercises 

6. How 9iany examples of intersections of planes to give straight lines can 

you' see in your Imme^ate surroundings? The intersection of two walls? 1 
A ceiling and a wal^? , The edges of a desk? ' . 

7„ Find some examples around you of intersecting lines and planes. ^ 

8. * . Consider the line de-Pend-ned by a point on the light switch and a point 

^on the pencil sharpener.^^es this line intersect anything inside the • 
• • room? Outside the room? . » ' ■ 

9. Consider the plane determined by a point on the light switch, a point on 
the pencil sharpener, and .some third point in the .rocjm. Is a single 
plane determined? Where does this plane intersect the walls of the room? 
Where does it intersect the ceiling? Does it intersect the instructor? 
Is anyone decapitated? 



10.5 ' Segments and Unions of Sets H 

We u^e the word "between" J,n referring to points located in certain ways. 
How are points arranged when we say'^t one point is between two others? 
With people seated, around a table it iidiff icult to say who is between whom. 
Is Nick between Sue and 3rian, or is Sue&etwjgf^ Brian and Mick, or both? 





What about three points arranged ih shpvn? 

A ' B 



Can we agree that any one of the points is "between the other tvo? In a sit- 
uation of this nature "between" does n<k seem to apply. 



If the points in question are on the same^line/as A, B/ C, * and D, 



B 



then we have no difficul-^y in our use of the word between/ We say; that B is 
"between A and C, (or A and D), C is between . B and D (or A and 
D) and both B and C are between A and D. Thus, when we say one point . 
is betwe^ two others, we are implying that the points are collinear, . 

We iaay use the above idea when we wish to speak of a portion of a line. 
• We call %he set of points consisting of A and B and all points between 
A and B, segment AB and write it as AJ. Note the difference in notation 
between a5 (segment)' and AB (line)* ^ ' 

Another item we wish to recall from previous work is the union of two 
sets. Remember that this is the set of all elsnents belonging to at least one 
of* the two original sets* In the figure above the^ union of AB and BC is " 
a5. This concept is use& in the following class exercises. 
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Class Exercises 



10 • Examine lifte PS, 



t ^ ^ 

P Q R 



Name two segmehts:- 

(a) whos^ intersection is a point. ' 

(b) whose intersection is a segment < 

(c) . whose union is a se'gment* 

(d) whose union is two segments...' 

(e) whose intersection is empty. 



11 How many segments are in the figure- in Exercise 10? 
12. Simplify the following by referring to line AC. ^ 



B 



(a) AbO BC , (e) A fl BC ; 

(b) ACfl BO V (f) A Up 

(c) - abUbc ' (g) IcfKAcn.Bc), 

(d) .mU AC (h) bO AC i 

' ► ^ • 

13. Draw two segments AB :fend CD so that ' AbO CD is empty but 
;ABf1CD ij5 not empty* 



10.6 Separatipns • . • . i- 

A point ofi a line separates the line into two parts,. Each part is called 
a ha|,f - llne * Thus> AB is separated into two half - iines by the point C in 
the following" diagram. Notice we have three subsets of the line, the two 
half-ilines and. the point of separation. 



1 



B 



-We speak the half -line containing A or the halfrline containing B. 
•A half -line together with its end-^bint is called a ra^* Thus, the union of 

point C with the half -line corfbaining point B is a ray, writien cS. 

Note the notation used and contrast it with the notation used for line and 



If ^ ^ 



liiie segnent. In the latter two cases otder made no difference • Thus, 
and both denote the same line, CD and DC name the same segment. 

Order, however, is important when consideriiig rays, and do not mean 

the^^ same ray. The first letter names the end- point while the second letter 
naotoes some, other point on the ray. Ray starts at A and contains B; 

ray starts at B knh contains A. 

A similar situation holds with a line in a plane. The line separates^ the 
plane into two half - planes . In the following figure, line i separates plane 



mj^into the two half -planes containing P and Q, respectively. 




1 



; Lln| i -belongs to neither half -plane, but forms the boundary of each. Note 
that the line divides the plane into three subsetjB, the two half -planes and % 
the line itself. ^ . 

Space is separated into two hgj^sjpaces by a planes.^^Ji|re again we say 
that the plane belongs to neither half-spac«. 



Class Exercises / • . < 

Ik* Draw a line containing the ;thr^e points P, Q, and R, with R between 
P and Q. Use the diagram to simplify the following. 

(a) ^P^PIqI ^ WRHpQ 

(b) mU-m . (e) pOr^- 

(c) .^Urq • ' ; 

15. If points A and B are in the 6ame half -space formed by plane m in ' 



space, what possibilities exist for ABPlm ?' • 



\ 10.7 Conclusion • / • * . * 

i IK ' * ' 

What major Uleas have ^e covere^in thi§ chapter? have looked at 

geometric elements as ideas and seen t^at we do not^put poinj^s, lines, and* 

' / • # . • • . 

planfes on the.b6a3/d but only representations of such ideas. We have seen that 

' • , . Shir : - ' 
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only some elements^of geometry .are defined, whereas some are^left undefined. 

These we use, as our building blocks to develop more conqplex ideas. 

* • . ♦ 

We have seen how points, lines, and planes in sp^ce are related. We have 
* ■» • 

discussed the intersections and unions of thes^ various geometrical elements. 

In the next; chapter we will continue this approach*' and use these basic 
elements of point, IJLne, and plane to develop other geometrical figures. 



Chapter, Exercises 

1. Sketch two planes, m and n, that intersect in-line • 

2. Given two sets, one with eight elements and one with twelve elements, 
(a) what is the maximum number of' elements in their i^itersection? 

The minimum? " • 



(b) ' What is the maximiam number of elements in their union? The minimum? 

3. If m and if denote a plane and a line, respectively, draw a sketch to 
■"show each of the following situations: 

(a) mfl ^ = 0 * 

(b) mfl ^ = ^ ' ^' 
^ (c) m^n Z = point A 

h. If m, n, and "^p denote planes, draw a sketch to _show each of the 
' follovd.ng: . 

(a) mO line Z (c) m On Pipeline Z 

"(b) mfl n = 0 (d) mflnOp = point A 



5. How do a ray and a hblf-line differ? 

6 . How do AS, • ii and differ? 



r 



4 
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T» . Consider the. accompanying sketch, and the lines and planes suggested by 
the. figure. Name lines by a pair of points and planes by tUree points. 

■ .. ■ , • • • • ■ 




8. 



1> 



Nas^j^ the following: 

(a) A pair of intersecting^ planes 

(>) A pair of parallel planes V 

(9) Three planes that Intersect in a point • 

(d) Three^ planes that intersect in a^lne / ^ . 

*(e) A'^ir of parallel lines 

(f) A pair of skew lines / ^ 

(g) "Three lines in the same plane ;that Intersect in a point 

(h) Three lines not in the saiiie plane, that Intersect in a point 

(i) Four planes that, hav^ exactly one point in common. 

How many planes are determined by a line and a point? Must any condition 
be placed on the line and point for the answey to be unique? 

I^our houses, A, B, C, D are on the same street with two boys living • 
in house A, three in B, two ih and two in D, as'^hown below.. 



3 



2 



2 



B 



IP the boys form a club', at which house should meetings be held in order 
to minimize walking? 



Answers to Class Exercises 



Other orientations are possible i 




d) 




7.^ 



X ' 











O 






✓ •> 


* • . * ■ 

.Number ^of 


Number of 


» 


Points . ^ 


Lines 




. 2 




• 


• 3* . ' 


• ? 




k 


6 






10 












iN(N - 1) . 





7 



Since the ends of any thr^e of the table! leig^ determine a plane, a total 
*^f four pianos^ are possible. The thrdfe points of the tripod .determine- 

only one plarte. The ends of the table legs n e ed p iol y lie in the same . 
>lane, and t^jus not necessarily ^be the same length* 4. 

Answers will "depend upon the situations. These qulfestions are designed 
to help you visualize lines and places in space. 



10. Several Bj^ay^tB bx^ pdssibW. 

(a) P% -and ^ , - 

■■. (!>) .. 7^ and Q§* • ^* 
(cV PQ and ' 



(a) B 

(b) . BC . 
(c) 

(d) AC*" 



(d) PQ and RS 

(e) and RS 



(e) 0_ 

(f) AB . 
v(g) ■ BC 
(h) B « 



:.i3« 



lU. (a) 1^ 

(b) • , . 

♦ (c) P^' • . ✓ 

15. / Either one point, or the empty set. 



(d) R 

(e) 0 



\ 
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Ine 



and 



11.1 Angle s arid Triangles . 

You are familiar -with the terms angle and triangle. How do we 
"tise the^e words in geometry? We define angle as the union of two r&ys ^w^li the 
same end point, ncst both on the saa^ line. -The common end point is ca^iedA 
.the vertex of the angle and the rays.^^ callifed tlje sides of the angle. Thus, 
in the figure below, angle ABC , written^ ABC, composed of the. rays 
and, BC with point P in common . 

- , ..\. : ^ ' ■ 



B 




/ ABC = BA u BC 



In the symbol "^ABC " the letter in the middle always names the' vertex. 
^ABC and ^CBA, however, both indicate the same angle. Notice that the 
angl e is composed of rays, not segments. A figure, such as the. one showii 
below is not, by our definition, an angle. ^ \ 



i 




The figure does, of course, determine- an angle in that segment BA suggests 
ray BA and segment BC suggests ray BC;^- !Bha^l^rays, then, ^ve us an 
angle as defined. 

An intuitively simple as^ct of an angle is the **inside" or "Itaterior"^ 
of the. angle Probably every student could point to the area or region we 
hBVB in- mind when -we use such a word. An angle divides a pl^e into. two 
regiohs and in '^some sense of the word w^ mean the smaller of ^e two regions < 
Describing such an ^rea in terms of our previous ideas involves the careful 



use of language, if we are to say exactly what we mean and nothing else;- 
Recall thats a line separates a plane into two regions. Thus, giv^n a situs 
tion like the one shown, 

P 




may use points of t.he plane to identify the two regions, that is,*. the 
two half -planes. Let P and Q be points suc^ tiiat the intersection of the 
line i and PQ^is between P and Q. Then P" and> Q are on opposite 
sjxles of line, £ . " By the terra "P-side of line i ", we mean the half -plane 

that contains the point* P. * . 

In the^following figure the horizontal lines indicate the A-side Qf 
:"S?r. ^ . * ■ ■ ■ - , - . 




.In a similar manner, the vertical lines in the following 
the C-side of " ; 





. { 



With 



t%se ideas we are now able to describe lAie interior of an angle 



Given the angle ABC, 



.'-'^^ the rays BA aad 'BC deteimine the lines . BA and BO as shown. 




,lf we again refer to the A-side of ^Sc** ^d the C-side-of bJJ^ then the 
intersection, of .these two regions, doubly shaded, is what we mean by the 
Interior of ^ABC« 

r 

♦ ' i^ty ^1 > * ■ » * » » * It' 




Formailjr^ we say the interior of ^ ABC is the intersection of the A-side * 
of BC and the C-side.of *AB. . ^ ... 

Still another way of definijag the interior of an angle is to take any 
point, M, on .BA .and any point, N,.on BC, These two points determine' 
a segment, MR, as shown. . , 




We may define the interior of ABC to be the. union of all such segments 
with the exception of* their endpoints. Why are these definitions of the in- 
terior of ah angle not the „saine if we lnclude®^e endpoints of thf^segments? 



J! 
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Uhea ve consider two intersect Ing lines ^ 




ve'see Vbbat the resulting rajrs form four angles* We dall a pair opposite 

angles^ such as ^ BFC and ^PSSi. vertical angles / Notice that jbheir 

>f» • • • • —77 . 

pides, forai two pairs of opposite rayq. ,3he figure also contains aribther 

pair Of vertical anglesJ^^^ APB and^ CH). ^ . , 




Triangle^ ♦ 

Three non^^caLlinear^poi^ts^ ^« and Will determlnii th:{ 
iltents^ TS^^ and lEhe u&ion of these three: segnentslis cfsLtlicll? ^. 

Triangle iffiC and is wrltteh ^ "A ifflC*\ The ftegments are called sides', of the 
•triangle. The points A, B, and .C are called vertices (plural of vezrte^). 
and^ angles ^ ABC. BAC and jiL ACB determined by triangle . isc ^ az*e ^ 

, called the angles of the triarijg le. • \ - ^ 

« * • 



/ 




,A ABC « iSUSJ 



Note carefully the d^lftition. It is the union of &egnents, --not lines to^ 
rays* Althou^ the; segments and 'AC* determine the raj^0 AB and VWJ^ ^ 
and thus determine the aisgle BAC^ the segments themselves do not f 03^ the . 
angle* This, is why ve say that a triangle, determines 6xv lobetes three angles 
blit^that the^angles are not themselVes part of the triangle. \ ^ ^ 
Atriangle also separates a plane, into two regionA which we "call the 
inter ioijyand exterior of the triangle/ Here again we hav^ three ^subsets of 
the pl?^, ^the tri^agle,* Its interior, 'and^^lts exterior** We may use the 
interior. of the •angles of a triangle to define^ the interior of* the triangle. 
Ther three ang3,es determined, by ABC eiich have ^ interiors as shown. *• 



^0, 



/ 



t 



By using the intersection these three sets, we maydeTine the interior . 
. of. a ti^ang^ as the intersection , of the interiors of ythe' three angles of 
the trialficleA • . ^ . • B 




Thlg definition puts the point P in the interior of the triangle shown 
above, since** iit is in the interior of each, of the angles. Point Q is 
not in^the interior of the- triangle,^ although it is Irrthe interior of 
\*i.BAC. If a point is in the interior of two angles of a 'triangle is it in 
the interior of the* third angle? 

* A diagram like ^e one below- may help students understand the meaning 
of the different definitions given. 




You may-e(^k students to shade regions such as iijterior A ABC C] interior 
A ADF/ or interior A ABC U interior A ADF. ^Or you mey ask them to 
identify the points in thd union/and intersection of sets of^po^f\ts as 
follows: .*v» ^ . • • 



a* 



.abD 



A ABC ' 

JD., ACB n BA ^ 

.c. • BA r\ BC' * 

d. BA U BP 

A ABC n interior A ABC 

1? 



(poirits A 
'C^oini B)' 
(•FA) ' 
('/) 



and B ) • 



Cl€U9a E)c6rclae8 . • 

1» . Define the exterior of an angJjd and of a triangle. (Mak^ use of the 



fact that ^he interior has heen defined In each caae.) 



2. Befer to the figure below. 



of pcJlnta^L^ 



Descrlhe the set 

a. A DHE n A BCF^ 

b. ^BAC n BC* 
c* the interior of A BDB f] PD* 

y d. M n Se. . 

(Note r Exerciaes 3-5 refer to the following figure . )^ 

♦ " • ♦ 

D 





3.* 
k. 

5. 



Name four pairs of vertical angles. 
Name three half -planes. 
What ±B ^^ DtE n iciEEF? 



Are there others-?. 

/ /:■• 




^ 11.2 . Simple Cloaed Curves y ^ • 

Ihe word "•curve" Is another ^oti which we use in both everyday language 
and lnx>ur mathematical language*' Like many other words, the two usages do.* 
not agree In all Aspects. Below are some representations of curves. 
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/ 



I. 



' A plane curv^ Is iai set of points^ all In one plane, which can be rep- 
resented by a pencil drawing m^e without lifting the pencil from the paper. 



.4^egm0nts and 
lind is also 



. -^rlangle^ aipe . bpth^exaioples of plane 
* a curve ^ It Ib tlils l^echnlcaD^isage 



curves • Note that a straight 



1^ this technlcaf^sage that does not agree with 
our general usage where cuarve 1^ assocletedN with the concept of changlfig 
directlcih. • • . 

Curves madl^ up of line aecpnents are called broken-llne curves* 






These are often encountered in the graphical* representation of data where 
they are called bfoken ^ llne graphs * A curve'^^ilch can be represented by a 
figfV^ which starts and stops at the same point Is a closed curve Further- 
I, if the curve passes through no point twice, then It Is called a simpie 
/fe losed curve ♦ / Notice that, a slnple closed curv6 does , not n€|cessarlly have 
a **\ilo&" shape, but only that It Is closed and dc^s not cross itself. In 
the examples below, all *are curves; (a), (c), ^d (d) are closed curv^§; 
(a) and (e) are simple closed curves. , ^ 







. (a) 



(0. 



A-3)roperty of simple closed curves, that seem^ intultfv^ly obvious, , 
'is that such a curve separates the plane into exacj^y two j^glona/giying 
./three subsets of the plane ^ Any two poin<ts in the interior^ such as A and 
i in the figure *^elow, may be Joined by 'd brdk^n-iine curve >ihat <does not* 
cross ,the simple closed curve*. A 3li\ilaj statement holds for thfe exterior and 
the points C and D. Also, the. segment connecting anv/pQint of the interior, 
P, with any point of the exterior, Q, must intersect the curve* at least once. . 
This information IS contained in the Jordan Curve !n;]teorem which states that 
a ^ijfglA closed curve separates the plape into exactly two regions. 
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• 1 . ♦ 

We 3refer to the curve Itself as the boundary of the interior, or the 

boundary of the exterior* The interior is also called a region ; the union 

f . . • • • • .. * 

of the interior with its Uoundajy is called a closed -region . ' ' ^ - 

'j/Ie may use the concept of simple closed cuafve to restate the definition 
of a triangle more concisely/ "A triangle is a. simple closed curve vh^ch is 
the union of three segments . ? . * . • V 

^ere are> pf course^many kinds of simple closed, curves'. One important 
gjroup of these which ifncludes the triangle, is the set of polygons.^ A 
polygon is a sinlple olo'sed plane curve composed of the union of line, se^ents. 
As with triangles^ we ref er ,to the |egments of pcaygons as sides j the aijigle's 
determined .by the ^ ides aw called the angles of th^polygon ; th^vertices 
of the angles are called the vertices of tl^^fe polygon j> Polygons are either ./! 
convex or concave. ^ , . . 





convex i^ygpn ^ | 



concave polygon 



1^ 



^ A polygon is said to be convex if each of. its sides ligs in the 
boundary of a , half plane which contains the rest of the polygon. If we think* 
of extending ' any one side then the remainder of the polygon will be contained 
in only one of the resulting half pi antes* . • . ^ 

Polygons are classified in\ several ways; one of the simplest is by the 
number of glides. Polygons with four sides axe called quadrilaterals ; polyV 
gons with fives sides ar^ called pentagons » A few polygons with their names 
are listed below:. * t 
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V' 


■ ■ • * 










• Name 


Number of 


.V"-. 




3 






k 


• * * 










6 






7 












^ • /<. 9 






J 9 • •• 10 



f 



3 



. * other polygons hstve names, bUt such names are seldom used. A pVoJeot 
many stude^s find interesting is to discover names for as many polygons as 
possible, e^laiping the word stems. . ^ ^ ^ ^ 

A segment connecting any two non-adjacent vertices is called a diagonal 
of the polygon Triangles have no diagonals while quadrilaterals have two, 
IVom fche sketch below - W se^ the^ a pentagon has. five diagonals.,^ ^ 




Class Exercises » . , ' % 

6. Complete the fallowing table and f^nd a formula for the. number 
' * diagonals in a Tpolyfeon of n sides, n > 3* 



of 



) 



> ^ 



, ^ Number of sides 
.3 

6 • 

8 



n 



Number of ^diagonals 



\ ■ 



0 
2 

5 



4 
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: 'J 



i02 



J Bpv many al^lQ closed curves can'^ou find In the figure below? 




8, What is wrong with using the term "cHrvjed line"? 

9. . Identify each of the ^Ogures below as one of the following: 

a, closed, curve, not ^almple. ^ 
-b. curve, not closed 
• c» siBiple^ closed curve 

10. Are F and Q in the ^interior^ pr exterior of the curve below? 

c 





11* What coniiection does the Jordan Curve Theorem have with the proble^ 
in the ^t^pduction about the thpee houses and the three utilities? 

12, Mast the diagonals of a polygon always lie in ti#interior of the 
polygon? ; ' ^ • ^ 



11.3 . Transversals^ Pa yllels/ and Parallelograms . . • 

/ When two .lines;, in a plane ^ are both intersected by a third line, then 
the third line is called a transversal* Such a situation Is shoiipi below 
where line t is the transversal • * . • ♦ 



■ ( ■ 
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Here the angles have teen Itentif led Ijy the use 6£ nuijer^s vritten in 
the Interior of the angles . TIaiB is k use of numerals tljs6 we have not 
encounteaed before, They are being uiaed' as labels \^ names, much 9a a Social 
Security number, room number, *or- a tel^jhohe number can bf uaj^ as.a name. 

Many of the pairs of aztgles tomia by a tranajpcMaJfe^^ encountaared ao 
often .that yp give\them ^pecl^^nanaas • paiya jaT^oggSltf such as 1 abd 3, 



(idlng angles < 




are. also corresponding 
angles? 
Interior angles* 



are ^called corres; 

angles • Do you see two other pairs 

Angles sdch as 3 ^ 
you see anji^ rationale, ^behind such a nama? 

When twj paiajs^of parallel lines Intersect, the fixture f oxined by the 
resulting segments' Is called a par^felograa. A parallelogram is also defined^ 
as a quadrilateral vhQse opposite, slde^ lie On parallel lines • (Here opposite 
means ^nWfc^tntersectlng.) We write ZI^'ABCD for paraUeltgram ABCD. 




i ■ 



* • ^^^^ 

Ih the^flgure above segments © ajid iSc are diagonals of ZI7AB9D. 

^ Parallelograms and their properties will be considered again in* Chapter 12. 



■ Class .Exercise 



iae^ 




Ah. 



Using the Ifigilre eibove, neipe: • . 

■ ' ■ . • \ V- • ■ ■ 

a. four J)9lrs of correspoiiding angles . 

* \ '>,">'.' 

b. two pairs qf aXtemata-interior angles • * . . , 

c. > four pairs of vertical etQg3.es • » 

^ ^2' and jf^ are parallel and ' m^, m^, aniT^ are parallel, 

find a parallelogram which is partially in th,e inter io^ of another 
parallelogram. -"How many parallelograms can you .seXfe::!^ the figure? ' ; 
How many diagonals? Triangles? \, - ^ 




ll.k Sblids 



if 



We have examlned^many su]3sets of the plane, such as lines, angles, 
triangles, and polygons ♦ There are yariouB%ther subsets of space, not ' 
subsets of a plane, that we will cons^dei-. Ifi we use our llne^ and platies 
as building blocks, a variety of fiolid© bay' be fonned. . / * 

^ By Property 3 of the last chapter, we know that any threfe non-collinear 
point! detern^ine a unique plane ♦ A fourth poirit not in the plane of thfe i^rst 
three will determine a space figure called the tetrahedron * We may define, 
a te'trahedron as the union of the four triangixlar regions^^3.£ter9iined by four ' 
points in space 3 .not in the same pMne* In tetrahedron * ABCD ^below, the four 
points A, B, C, and D are called the vertices , the* segments l£, BC, 

BD, and CD are called edges, and the four trriangular regions formed are 
called fac^s* ^ - Jk ^ - 

♦ \ 




J 



'The tatxiohedron is m example of a class of iSairee dimepsionaJr objects > 
known as polyhedrons. ,Other representations of polyhedrons are shown b^lbw. \ 



Iff - 







\- 

A, 



/ 



JustXas polygons separate the plane, polyl^edrons separate spa<5e. Space ^ 
is divided into" three subsets, the 'interior of the polyhedron, the exterior, 

• ■ * . ■ 

and the polyhedron itselLf. . 
^ y^^lyhedrons of the type" shown," are called simple polyhedrons 'and h^ve 
an interestii^ relationship among l^he' vertices, edges, and faces. If. you 
will count thek in each of the preceding figures, y^u will find that the . 
sum of the number of vertiqes and faces is two more than the dumber of e^es* 
HhiB relationship, V - E + F =. 2, is known as Euler's formula. This^Jact 
is*veiy surprising, and students find it interesting t6 verify with various 

I • 

solids . .. 

» * .* \ ^ 

An intuitive proof, of Euler^s formula may proceed along the followii^g 
lines. , Consideri^ polyhedron and remove^J^ *f ace leaving the edges and . 
vertices unchanged. Thus, if originally V - E + F is a constant, e^y n, 
t^n removing one^ace gives V - E +T = k,. where k = ri - 1, and now we 
wish to find -k.^ ^Sf we think of the polyhedron made of r|ibber or dome very 
deformable plastic,. we may open it out, about the. missing face so' that a planey 
•surface made of polygons results. Although these polygons may be shaped • > 
differently than th^ faces of the original polyhedron, they will be the same .* 
in number, and^they will have ihe same number of vertices, edges, and faces. 
Thus tlie numeridfel value- of V - E + F remains unchangedl The argument in 

A is applied to the 

Of the cube but applies to simple pblyh^dra in general. . 

• V li- 



the following paragraph is applied to the, cube as a specif ic example. Notice 
however t*?at at no step does the argument^ depend upoVi ai^jr special properties 
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Bemovlng a, face and."oitehing out" the <ube results in the following ♦ 
tranafonnation. We in. effeci rembve the "top" and "flatten outi' the remainder 
to give the plaice figure ABCD shown. Notiqp that although the shapes 'change, 
the number, of vertices, edges, and faces remains tiie same.* The value o^ * 
/ E .+ p' -*la still k. ' ' - * / ' - • 

7 • ■■ 




If we dra\r diagonals Ijpr each polygoh to subdivide the polygon into * ^ 
trianglers,. the value of V - E + F remains imchanged, for each diagonal 
adds one edge and one face. Aiding 1^ to ^ach of E ahi F. does not 
affect the' total' V -^E + F. ' " * 

D 




.Any triaiigl^^3,lke< ^f^F which' has pnly^tjfiS^ side exposed to tHe "oiat- 
slde" may be removed "by deleting side ^ ^^"^ ^ 






vA IhiB type Qj^^t^tl«tt^c*erTO^ ;v • B + P for we have decreased^ ^ 



^ bitb B aad F 
, ' follovlxig: 



' vJir« niai5rvfia.so remove BC, CD, ajsi . ^ tp give the 

♦■ = • •. \<'. .- . ' . . _ • ■ . . 



\ 



'■/. 




Deleting a triangle stlch aa " A AEF> by removing Ap! add alaO 
leavea JliT * E + P unchanged for this decreases V by 1, E by 2, vand- 

P by .1- .:. " s - . • 

,Oae or the other of these twA "methods of deleting tyiangle6 may be 
carried out until only "k.sliigie triangle remains. The value, of ' 
V - E +%F has still pot. chaaged and at this point we resort to countings 4 



• 



E 




t 



Here we see that V 3i E « 3 and P « 1 so that V - E + P = k = 1, 
and sintfe . k « n - 1, n = 2. Again j;ecall that tne same result would occur 
had staj^ted with any sinirple polyhedron other than the. pube . 

Sometimes this fbrmula is referred to as Descartes' formula since hdr ^ 
Yearns to have preceded Eoler^in discovering it. The number of vertices a^d 
faces of any simple polyhedron^ is two more than the numbfer of edges . i 

* ' " V - |; + p =>e * 



A 



* Other Solids 



Yoa are familiar with cylinders and prisms likfe the ones shown below. 
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' The^ aigjgexamples 5f speciaMkinas of geometrical solids -to be qansidered- In 
. more*xa?e^^^3^iv"by^studex^ts wtoo^^pjtotljaue to* study mathematics. Instead of/treat- 
..ine;eacli# individual /solid ap «5^ne, mathematicians ^se general iand broad, ^ 
definitions to enq^mpass whole cfitegories. Here we will indicate ^ more 
gener^ idevelopaent of cylinders &a& prisms ^ . • . « * * . * 

^» • Jjet us examine how.isuch solids' piay -be. formed, ^' ' • * 



* ) . Cpn^ider aox- simple^^ closed curve-^in" a plane aiid a liTne Tflot parallel to 

• • • ' . " ' • • *" . - 
^ the plane / » 




.All lines ^Jarallel to- tiie original l^ifte and. passing through- the cuyve^will 
foqrm wH2n>slgcslled' 'a cylindrical ' surface ♦ . ' 




Notice first that thfe use pf the word cylindrical does not' imply circular 

^ in cross-section. This is ancS^her common word used in a broader sense then 

we normally use it. Second, slTice this surface .is made up.o£ lines, it e:}C- 

tends indefinitely in both directions. The definition here- includes the case 

where cross-sections are circular, such- as repre^nte^^-by a cardboard mailing 

\ tubfe. In junior high school most examples will be, special cases of* th^inore 

general definition given above. Future work however makes it convenient to ^ 

. .have a general definition of this nature, 

* 

The 6'imple closed curve that gives the surface ijs shap^e could be a 
* . •» - 

polygon, but the surface is still called a cylindrical surface. 



When twcT parallel plaoaes Inteirsect 'such a^-surffifee, that pofftion of th6 
* ' * **♦ ^ 

surface between the. plaztes, together 'with. the. regions cut firom th^" planes, 

forms a prism. If the cr6ss- section .is ,not a polygon hut Some qtp.er .closed 
curve, we get what Is conHflOply daJ^Led a' ojrlinder, Xotl^^r aefiriitions of 
prisms- and cylinders that.use the concept of cbngruenc^jp^e ♦sometimes given 
in geometry book^, ) V ' • * * • • ' 

The polygons in the two parallel planed are called %ases v -Prisms are 
cJften classified by their bases, -Thus, we have triangxiiar prisms hexagonal- 
prisms, and so/on. . ' 






/ 



Other classifications ai:e possible, and some will be taken .up. later wh'en we 
consider volume and are^, * 

We may also treat the familiar cone and pyramid shown below as special 
cades of a more general classification. 





Such a surface is called a conical surface • 

Notice that again we are using a vord^in this case conical, in a more 

e(bneral sefise than is usual in evezyday language. Common usage^o^ conical 

• *. * ' . * 
laqplies circular, alijhough this is not the case with ou5P/iise in mathematics. , 

aSae general case above, however, certainly includes the cotoon conception" of 

a conical surface as a circular ^cone. This occurs when tkiB simple closed 

curve is a circle* . .. . . 

In the following sketch the simple closed curve ib shown as a polygon. ^ 




4k 



\ 



'ActusLUy, the conical surface continues indefinitely in both directions^ 
Jt consists of two pieces with only one point in common. These pieces ^are . 
cqXled nappes > ^ The second nappa^ not shown In the 'figure, occurs inverted 
'and fiLboye the*pdJ.At P. * ^-^-O \ \ 

: If the intersec1>ion of one of these llappes and a plane Ls a polygon, 
then the r^esultpig closed surface is called a pyramid * la the figure above 
•we see pya^amid Pi^D. The point P is'^called the apex if the pyramid, 
*polyfton ABCD . is caJ^ed the bage of the pyramid/' A 'tetrahedron is also an 
.exfunple of a pyranlid. The familiar circul^i* cone is formed when ihe ^intern 
Section is not polygon but a cirtole. Like prifiiiis, pyrai&ids are classified 
by their bases. JUie tetrahedron is ar tst^iangular i^ramid. A rectangular 
•and hexagonal pyramid are shown below. ^ 





The construction of cardbo#u?d or stiff paper models of many of the,.; " 
above prisms and pyramids is instructional for students and they find it / - 
very enjoyable* Some patterns are given in the' SM5G Mathematics for Ji^or 
High School^ Volumes I and II. llieseNsolids may be used in cou4tlrig / 
edges, vert^ce?, and faces, in verifying E^^er's formula, and are ^^jf^ ^elp?- 
ful in developing space percept ions. » * 

. - • ■ . . /■/ . ■ 

Class Exercises . * ^ ' / 

, . ^ J 

,1$. If a plane cuts a pyramid between the. apex and the base,/^hat portion 
of the, pyramid which does not include .the apex is ceiled a truncated * 
^ pyramid . Sketch a truncated pyramid with a hexagonal base. . . ' 

✓ ■* ' f 

. lo. Sketch" the pattern for a triangular prism. . . ^ 

17. voQB a cylindrical surface separate space into two^ subsets? 

^ , , .' • , 

• 18. Does a conical . surf ac6 separate space into^ t^jd subsets? 

• ' ■ • ' , . ■ / 

(. . . . 



265 



I 1 O 



11.5 Sl^e Trj-ps ^ Optlonea ) . v • . 

There ^are a variety- of side trips in -geometry that are n^-metric ln 
nature. Jteny of tllese *are of a puzzle nature, and although thfey can be cast* 
in a humojpjS^s vein, th^y ajrfesk iinportant on another level; • • • 

One of the^e problems ^that is related to the Koenigsb^i^ Bridges problem 
is the ^following: * ' / * * 

D;raw .a continuous litxe^cutting each*se^ent exactly once. • ^ . ^ 

■ f • . • • • ' ^ 



f ■ ' -I . T—J 









This seems to •b#;li/^siflple 'i^jSroblem and indeed it is- ^4mple*ta state; . 
however, its solutldn is elusive. A*fir»t effort such as the followingi. . ^ 




seems. to need only a » little change to be successful. However, such changes 
always, seem to require other adjustments. Students find this. problem very 
challenging and. enjoy seeking a solutipn. Actually, a solution Is not pos- 
sible as may be shown-4)y treating it as* a unicursal problem. Think of each 

crossing of a segment as a path, and let each region shrink to a point. If • 

■ * I * / 

we J.etter the enclosed regions A, B, C,.Li,' and and the exterior P, / * 

then drawing, the required line is equivalent to tracing the figure below/ . 

without lifting your' pencil and without retracing a s^gSent. Then it ^ecome^, 

a network which may be examined for odd and even vertices. Points A, B, *D,. * * 

and P are all odd. Recalling from the introduction, that no pattf^ra wiittT more 

than two odd vertices can be traced we conclude. thl problem is i^I^possible. 





• ' If, you ^attempt to color, "one" side o& the Mbebius Strip, you will diS- 

• ■ ■ »■ » 

cover that ijj; has. only or^e side;^ Also, following 6ne (^dge ^ill show !^hat it 

Jias only 'a ''single edge! A still more surprising Ire suit occurs when* you 
(ox students) attempt to cut i;t into two pierces alon^ the dottga line. You 
will also find It interestiprg'-to inve^igate wftat happens when you cut oner- 
thir^of the way In :^rom/one edge. A Sunday^va^wspaper, a roll of scotch ^ 
tape, and a pair of scissors will provide manj^ interesting questions about , 
a Moebius Strip. / - —^.^ 

•Another problem that is easy %o pose and has been tackled by mathemati- 
cians' without sjiiccess for many years is the four-color map problem, ^^e 
problem is the following: "What is the minimum number of colors necessaiy 
to color a jnap so that no two adjacent countries have the same color? It 
is easy tp draw a map that will requipre four colors. 




Hexe njimerals have been used to designate colors. «^ 

^ . It is generally believed that \ colors are sufficient to color any 

o 

map, but as yet no proof of thife conjecture has been^iven^- Neither has 
anyone been able- to draw a map that would require more than h colors; 
FoilOT^ing are some maps and ''a way of coloring ^.hejii wilh \^ or fewer, colors. 




• J5fiii03> hlgh^Bchl^ol students eujoy ctfawing such maps azxd attenjptigjS -to v ; 
coii^ them In four colorsf or less* 'Jhey alsQ etfioy challeiiging you to Xjolpy^ _ 
^Buch maps ^ .With a!'ll.ttie practice/you can, color most mapa In, a few. minutes. 

• A discixs*sion of this problem, which at present has loeither. i«x>6f»^ 
disproof, ^yovides* a^good opportunity to expSU)re with students/. the^^^jfe^ . 
between proof in genial, axJd drawing conclusions by examlnlng^^i^ cases. ^ 

^e fact that 11^ seems possible to color all maps we may*^iraw do^s not Imj^ly 
that we will He able to so co'lor all maps in the future. You mfiiy als^ dls- : 
buss jthe importance of a single counter example; which Is sufficient to prove 
a statement false . Such a discussion will help to Illuminate the statement 
attributed to Albert Einstein regarding his Isheory of relativity, "No numtoer . 
of - observations will ever prove me correct: a single observation may prove 



me wror 



11.6 Conclusion . ♦ . I . . 

In. this chapter and in the preceding one we have looked at aspects of 
geometiy that were not dependent upon measurement or distance. OJius, many 
of the geometrical facts famillBr to you have been omitted. We have seen 
%io equilateral triangles, no congru^t figures, no rectangles, no rlgjit 
angles, 'etc. The next two chapters, however, will consider many of th6se 

ideas. , 

• Neither have we established a theorem-prtiof sequence that you undoubtedly 
recall from your study of geom^txy. Our obJeM^ive in seventh grade is not 
•* tp teach deductive- geometiy or to develop an axiomatic system, but rather 
..to provide the students with enough background so that l^heir formal study 
of the ^ subject will proceed more easily. In grade ten or -wherever formal 



V;f6*oo»^ is encountewd, a caa«fal loglcfii. siudy of the last two cliapters' 
•■>* the next ^wo) will be undertaken* At that tim§ careful distinction 
^ between axioms and theor^us will made., .. An axiom/, .dt statement accepted 

as tyu^ vltfy)ut pitoof , has mSc^ the same position as an undefined word* * - 
. 53ieorems. are statement^ that ace established as true -by prdof^ using axioms^ 
y . def^ltlons, undefined words', and previously established tneoren^. !Ehey 
jprx&dy^ correapdnd to our ds^inltions made from undefined words. 

It is toportant to ponsider carefully the ^pace over ^ich our axlqma* 
|§re meaningm.* ^or example, how wcftUd our geoitetry ^differ if we ^Ll^lted ♦ 
. cur "space" to a circle and Jits interior?. *All*our 'a3aoms< could remafn 
unchanged, bul^ the laMults would be^ quite^different* Points would ^till be 
]^lnts,^ut would all be ^located on Jshe clrijle .or- its interior. ' ^stead of 
itaes extending inaeftnitely, they'wou3.d stop4* the circle • How would • 
"raye" and "angles" differ? .If "parallel" lines fikre still defined* as, non- 
ixiterdectlng, how do they look in bur new space? What can we say abbut aijy * 
quadril^eral with its yertlces on the circle? Is It a '*paralleIogram?*J 





* "parallel" lines \ a "parallelogram" 

■ " ■ . '- ■ * ■ '. • . ' • ' 

Bo eveiy two iaters6cting lines form vertical angles? You might' find it 

interesting to speculate about the differences between .such a limited 

geometry and the one we are in the process of establishing.. ' 



You wlil er^^oy reading Flatland^ A Romance in Two Dimensions, by 
Abbot; !rhis is an interesting and* amusing book describing a world of 
two dimensions peopled by geometrical figures. The hero is in Jail for . 
claiming io have tallied to a mysterious voice from some higher dimension. 



Cless Exerciae ( efetlorialj . . ' * • * ' ; ^ 

— T V ' • . ^ • . ■ 

/19. .a. Is it possible to walk in the house wjltlr\ the floor plan belov,^'^ . 

passlng^Jitarough. each door exactly once^ If so, can you*4tart ^.n * . 
any room? ^ ^ . * 




, "b, Answer^ie same questions for this plan. 
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Chai>ter , Exer9j.ses 

iedrW the pattern© below on -stiff paper and make mo<tel4*of the prisms « 



.What are tl\elr names? 



• 

« * 










to 

» 


• 


.• . \ 




t 





Which of the following are closed curvest Which are both closed •and 






In the figure beloW is ^ ABC 



B 





Drav the ♦following: , , ■ 

a., a closed curve whlcli is not. simple* • 

b* a curve which .is not closed but separates 'the plane into two 

regions. . . ^ 

cv a curve- which separates the plane into three regions. 



% ■ 



5v Does Euler's formula hoi* for the foliowipg eolid? 




6. 



7. 



Make a Maebius Strl^ wittf two *wlsts. Ingtead of one and lnvestl(gate 
its properties. , 
Color the following maps wltlri as fW colors as possible. 




, I. 



■J. 
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Ansvers to Class Exercises 
. ■ ' ^ : 



1. 



exterior of an an^le Is the ^t of all points ^the pl|Qne 'tliat ar6 ■ 
^neither in the Interior of the nor on the ^igle^ . ' 

. ' ' ' - ' ' ' ' •• . ^ -y ( ^ ■ 

Ihe exterior of a triangle Is the s&t of all points of the jflane (ihat \ 
are neither In the interior of theprianglenpr on tpe triangle, ' \ I ^ 

Other def Inli^ions mjgr be givei^ .but j^st be examined, caref uj.ity to see \^ ? 
jrtiether they . incQlude or exclude any regions, V ^ ^ ' \ 



2. 



point B 



' e, A^HDE 
f.^ AC point 



5. 
6, 



a, point 5 ^ 
.b. points B- and C 

(^AFB, ^EPF); (^AFD 
(there are other pairs 

D - side of BEj ' A - side of CDj E side of AFj (thpre are others), 

EE , \ • . ' ■ . 



Niaoiber of Sides 


1 

Nugaber of Diagonals. 




0 • 




2 . 


' "■■ ■ 5 ■ 


5 ■ 


.6. . 


■ 9 


T 




8 


"90 


• 




• 

n 


• 

|n^n--3). 



^ 7. 



This question is intended only to prpvoke some thou^tfcn sluqple closed 
cuarves. It is interesting however to examine numbers of possible curves. 
From the Jordan Curve Theorem ve know that any simply closed curve 
/will bound some interior region. Thus we may examine the possible 
combinations of ^Jacsent regions* Except for those that i^ave only one 
point ^in common^ every combination of adjacent regions is associated 
with a slflxple closed curve.. 
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^ ■■ ■ ■ ' V. Thus regiop- , 1 *iq»determined£bV a simple closed -curve, *es hre the - 
•:. V , - double ^ombinaiiong 1-2 and lA". Th^ pair 1-7 ^ is eliminated, ' 

• . ' however, since they have, only'- one poinrt in..conpan ani^would not there- 

• fore result fronf^ia' simple closed cur^. ,The follo^iJbg combinations of 
' , " ■ , ■ three regions aJ^o result frop such curves:. 1-2-3/1-2-7, l-lv-5, .P--^-7 

. • • Analysis of this nature, takir« ^i^vantage of)symmQt?y where ^ssslblt' 
» . ' wipi reveal, that ihere are 63 simple closed cui^es^ contained in the 
• original/^i^ure . • . • ^ 

8. . The woprd ."line*' x^s , used -only with, the connotation of straight; thus * 

the term "ciirved line." is probably, a oontradfcttpn. 

9. the 'Jstar" . ^ . ' ■ .^.^ 

b. the line segment, the "poon" r «■ ' , . 

c. the "dog" or the "bone" • . . ^ . 
10'. • P is In the exterio^r; Q is In the interior. . , :. 

• ■ • • -v: ■ 

- "11. Before the last utility has been connected the other. two have foraed 

a simple closed c^rve.with one house in tjae interior and one utility 

iii the exterior. 

\ / 

12. No. • , 

^13. a. ^CAP, : ^- ^CAB, -ilPAD 

. :^m(i,^CAB. ^CAP, ^BAL 

^ • ^PAD, ^ABF, ' .. -^1-"aBE, ^QBF 

' . QBF, -ilBAD' ^ .^'abF,<2.EBQ 

b. -^CAB, -dlABF >^ . 

'. ' • ^ BAD, -s:! ABE • j Ol 




. .15.« . 



is partially inZZI7ACLG (other answers are posslbleO 



X 



There are nine parallelograms, thfee diagonals^ and seven triangles* 





16. 




\1T* No, three subsets p the surface, its interior, and its exterior, 
lQ\j No, four subsets; the suj^f ace . itself , an ""exterior", and two j 



"interiors" • 



"^Surface 




nterlor 



\ 

interior 

'What we most commonly think of as a cone,* however,, does separate 
space into three subsets. ^ . 

19. a. . Yes. Any^Ufith must start in one of: the ro6m8 with five doors ' 

and end in the other. 

• • > 

b. Not possible, since more than two rooms have an odd number of 

doors . ' * 
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Chapter 12 

r MEASUEB^EHT 

» Introduction ^ 

In the last tvo chapters soma of the non«tnetrlc properties of certain . 

•^ets of points were developed. In this and the following chapter these Ideas 

•^yriiiX be related to the physical world through measurement. Historically, 

^ geonetxy developed throu^^h the needs of man^;o measMjre and compare certain. 

^physical things In, his environment. ^Bven the word "geometxy'' c^me from words 

*^ch meant "earth itteafti»^ 

!Diese chapters will nQt develop a rigorous ejq>lanatlon of measux'ement 

upropertjles^ but will att^t to furnish Intuitive idea% of lengthy areai and. 

volume concepts as presented In the SMSG Mathematics for Junior High School , 

Volume I. It is l«iportant that youngsters understand the approximate n&ture 

of measurement, the developioent of arbitrary uxiits ^or measuring j^rlqus ^ 

pihyei^^el objects, and the mathematical lpteri»retation placed bn^ese concepts. 

A ma*)or point to be liiade in this chapter is the fact that in measuremeiit our 

units are completely arbitraxy and altBbug^ we are free to choose a yaxlety of. 

msiiiA, we ultimately settle on the most conmon standax^d imlts* f or convenience 

and ease of conaunl cation. Scientists are frequently confronted wltb measur-* 

Ing 8ltuAtlo2i^/^S5§lis*<Vl8 mora convenient to^ Create a i^ew unit tl^ constantly 

work with very large mija^!t]?l« or vexy small parts of other vtnlts. The *'llght«> 

yeiair" and '^Angstrom** are both units created to fill such special needs; ; 

Such comnon questions as ''How maxty people went to t^^ie^balT game?** or "Bow 

much meat shall I buy?" or "How fast can a Jet travel?" have answers which are 

alike in one respect: They all Involve nxmiber^. Some of these ^^rers are 

..found by counting, while others are found by measuring' . 

Ibe question "How maxQr?" indicates that you are thinking of a set of 

objects and wish to know how ma'ny there are in thei set. Such a set is called 

a discrete set. Questions as "How much?", "How long?", "How fast?", etc., 

~a2% used to AiSeribe scunethlxig thought of as all in one piece; without any 

breaks. Such a set is called a c6ntj,nuous set*. Sets of people, houses, or 

ahlmals are discrete sets; a rope, a road, or a flagpole ax;e all thought of as 
•. ■ . - 

hj^ing contlnuo\xs since they are like models of line segments; you can cdunt a 

number of line segments but you cannot count the nuxober of all points on a 

line segment. A blackboard and a pasture may be thought of as sets of points 

enclosed by sinpl^ closed curves and as being continuous. Such sets of points 

are not coimted; they are measured. 



12.1 Congruence 

The sizes of some j:ontinuous "feets may be compared in various ways, For*^ 
example, to compare segments AB aild 55, loy the edge ,qf a piece of paper 
along Sd and mark-joints C and D.. 




B 



Place the edge of the paper along AB with point C on .point A. If D is.' 
between A and B, ,Jb is longer than CD* If . D falls on B, the segments 
have tl\e same length. If B is betweeji C and D, ^ is lon^r than AB. , 

Of ccJurse, we heed to recognize* here that what we §re really Wing is 
idealizing this situation. It is impossible to draw representations of two 
line segments so that they both have exactly the same length. This again is 
an abstract intuitive idea , that should not becomt^ entangled with the physical 
repre&entatior\g. Students should realize the differences between abstract . 
coricepts and physical inteSrpretations of these abstractions, that the drawings 
they make are only to help them interpret the mathematics they study. 

• Let us-ret\irn to the segments above and consider parti cfularly the case 
.where they both have the same? length. -When -we -write * k ^^2 +.2, we mean that 
'V and "2 + 2." are two names for the same number. When we write AB t= CD, we 
mean that ^ and CD are two names for the same segment; that is, the two 
segments are thg same set of points. If. AB and CD have tHe same length 
but are not the same set of points, our definition of equality does not allow , 
us to say they are 'equal. They, are equal only in size and shape. We use the 
wor*P congruent to describe this Relationship. The symbol denoting congruence 
is " = and we may now write: S5 = .CD. This is read: "Segment AB is 
congruent to segment CD." If we wish to say" %hat the lengths of 'the two seg- 
ments are the same, we may use the notation "AB" for the lengtJ^ of segment AB, 
and write AB = CD. Here , we mean that the length of 5b is the same as the 
length of CD. This use of the word "congruent" is an extensfon <yf the use 
you probably remember .from high school geometry where "congruent" almost al« 
-ways referred, to triangles. .The meaning here is basically the same as with 
triangles and is, the same meaning students will encounter whpn they study 
formal geometry. Congruent means equal in size and shape • 



ERLC 



In working with the above* segments we tacitly assume^L the following prop* 
earbles of continuous sets of points,. \^lch,. along with one wore property 
(ai^ated later), are the bases of tneasurement* , , . ** ^ . , 



1. 



2* 



Motion Property Geometric figures may be m^pred 
without changing their size or shape ♦ ^ 

The siz^s jof two geometric 



Coqjparl son ^^roperty * 

.quantities «iay be coB5>ared prd^rlded these quanti- 
• ties .have the same nature. 

3. . Matching Property . Two geometric . quantities have 
. . the- same- size if every part of one can be made to 
. . ..qoiri?lde to a part of the second so that no part 
of either figure is omitted* . / ^ • ^ 

These are. some of the properties that enable the students to relate^ the ab- 
stractions of geometry to the physical world, and we should be awre that these 
need to be pointed out ^o them as the measuring process is utilized. 
• In elementary school ma*U>ematics, students make models and tracings of 
geometric figures and test for congruejice by dete^minln^^ whether twd figures 
have the same "size and shape" by superlmposltion. In junior^ high school the 
gro\and work is being laid for a more foiaaial definition of congruence that will 
occtar in a deductive geometiy^ourse in high school. For example, two spheres 
mgy be 'Jpongrnent", iut imposing' ojie sphere on another doesn't make much 
sense. From the idea of superimposition 1ft us try to move to a more formal 
definition of congruence. • P *' 





■ Q. 

S\j||tose £i PRQ can be superimposed on* A ABC with R falling on B, 
P,., ^on A, and Q on C. Then tRere exists a one-to-one correspondence be- 
tween A PRQ and A ABC, each point of A ERQ corresponding to that point 
of A ABC which it "covers" when A PRQ is- superimposed on A ABC. For 
exan5)le, the point X would correspond tS the point X' . under this corre- 
spondence. But it is not enough simply to say that there exists a one-to-one 
correspondence between A PRQ and A ABC. Something else i-s also 'involved 

. P 
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^|lh the XM)ision of congruence* Distances tgust be ^reserved . Suppose A Hlft!' 
la* aup^j95pased on A ABC as indicated by the following diagram. 



P 
R 



A 
B 
C 



'<Hote: Hie doiible-Ueaded arrow shows that vertex P of A PRQ corresppnda. ^ . 

• • ■ ■ ' \ • ' ' 

-*to the vexrbex A of A ABC, and that A, corresponds to P, etc.). . 

.1 ' Ohen f or agjr two pointa qf A.PRft, the idistance between them (l*e., the : 

A lengthy of the Begoaent Joining them) must be the same as the distance between V \ 

the two points of £i iUBC to JH^ch they correspond* As examples, the distance* 

between ^ il and X . must, be the^ame as the dl^stiance^ between B an(^ X* 

(RX « BX*)., the distance between Q and P must be the sd&e as thiat^betveeh . 

C -.and A « CA). jlJiese cpnaidera'tion^ lead us now to otir definition: , 



re^ekic 



Two sets of points aare sAid to be cQngment 
provided that there is a one-to-one correspondence 
between them that preserves distance. 



5y naming ovur triangles carefully, we can see ininediately the correspon^r 

ing parts • .-Again considering the two triapgles in the figure, we. may show / 

«*■ " ■.•*■■' ■ ^ . . * ■ 

the correspondence as folloVs: . . . • 

*• • ' ■ ■ " ' . 

«• -. -J ■ : . 

Given: a'aBC S A PRQ 




A - 




p 


B - 




- R 


C 




HQ 


SI 


S 






' 0* 

s. 




Sc 


B 


m 


Za 


% 






cs 











The importance of the preservation of distance for. congruence needs to be 
stressed because it is possible to estaHllsh a one-to-one correspondence 



between two aeta of points tE^rt does not preserve distance; For example, Ss 



and Sj below may be put into a one-tp^one correspondence in the following 



loanner: 



R 




r. 



u 



I)rav HR and and caj.1 the lnte;rsectlon of these rays P, as In t^e 



flgjjre below* 



/ 



■'■.if 




Now for, anjr point on M a corresponding point may be found by 
drawing FY, as in the following drawing* 




/ Y» 



Likewise,^ for any point Z on TO, a corresfponding point Z* 



may be 



located as the intersection of 2P and RS. This is shown ilTll^e following 

drawing. • ^ 

. ■ ■ * 




2B1 



IChis Qhows that for each point on one line there Is a xinique point on the other 
line, and vice versa. Therefote, a one-to*one correspondence between all the 
points on Ss and all the points^. on W has been^stablished, even-thou^ 
distance l^as not been preserved. . ^ 

With two congruent angles it is possible to ifei up more than on^ corre- 
si)ondence* Given, '/dEP = ^(3HJ^ * 





H 



we see that /tSEF = /jCMJ or /DEF = [JKQ. Remember, as long as the middle 
letter names the verSx, the order of the letters for naming an angle is im- 
material. Also w6 have not said that /pEP equals ^CfflJ. If we do this, then 
we are probably talking about the measures of these angles as being the same 
number and will show this as m(/pEF) « m(/GHJ), where ''mi/pE^V is a number 
indicating the measxire of the angle. Here, as in segments, we are making a 
distinction between the aiagle and/its measure. Even thoiagh we have not dis- 
cussed "measxiring" angles yet, we probably have assumed the following state-. . 
ment and its converse: "If two angles are congruent^ then their measure^ are 

-equal." ;^ 

Our defini-tion of congruence is a mre sophisticated 'idea than weVwouJld 
expect seventh graders to accept, but it is the idea for which teache^^(^ 
these students are' laying the groundworks By cutting, superiti^osing, measur- 
' ing, and cou^aring various models of sets of points, studerj^s discover certain 
. characteristics of segments, lines, angles, polygons, and solids. We will 
consider some of these in this chapter and the next. 



Class Exercises 

1. Given the figure with the two triangles 
congruent, list the corresponding parts. 
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2. 



3. 



y 

How would you test whether /XYZ i Is \ 
congruent to. ^PQR? Does congruen^f \A 
of angles depend on the length of 
4 the sides o'f the angles? Explain* 



If the three sides of one triangle are cong3h5ent'.Nj;espectively to the three . 
sides of another triangle, do you thinjc the tw^Xtfiengles are congruent? 
Explain. your reasonings .-^ * ^ 

' ^ I ^ > • * • 

e& apgies of o'Ke triangle |ire congruent respectively to the 
Sles of another txlangle, do you 1|hink the tyo triangles are. con^ 
gruent? Explain your. reasoning. . V, . * 





12.2 The Mature of Measurement ^ v 

We have said th8|t there are some sets of points, called continuotis -setB, 
which require measioring and for which counting as ^^h is inappropriate. ^An- 
swers may be. given, in terms of whole numbers or they , may involve rational hum- 
bers^ but these, answers arfe not absolutely precise. The accuracy of the. num^) 
used' in the. physical measurem^t process is restricted by unevenness in the' * 
object measured, by the measuring instrument we use, and^liy o^xr own approxlma- 
:tion to an answer. Therefore, 4^e say that all measurement of physical objects 
ig ■ approximate * 

We used the motion, compaulsdh, and matching properties .from Section 1 to 
develop an intuitive idea of congruence. These three ^properties, togethe\^ 
with a. fourth, the Subdivision Property , are the basis for measurement.* 



4, 



Subdivision Property * . A geometric continuous 
.figure or set .may be s\ibdivided. 



is subdivided by a point 



so that Sc = CB,^then 



If a segment 

the length of Sc i*one half the length of AB. 

AB raay'^e subdivided in other ways so as to ^ompare the length of bne 
\segment with jyw^ength of another segmewt. Suppose a segment is chosen of 
any length less^^^an the length of AB; c^l the length of the segment: "n'V 



n 



n 



n 



F B 
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Beginning at a point A in the figure above, a segment of length n is 

marked off k times so that is of length >n. The Symbol means 

••^four times as long aa the segment of ^length n*" It is said that the length 

of AB is- approximately equal to 4n, rather than to 5n, becatxse B falls 

closer to P tl^an to A sym^l fqr th4^wo^d8 "is approximately equal to" 

is a*wavy equal sign like this: . m * ^0 .may .write in symbols AB « 4 n 

and read it as: "The length of segmenSk aIB is approximately equal to 4n»" 

Notice how these symbollSl are used: v 

^ J ' ' ■ • 

■ ' • k' is the raeasu2*e, 

n is the unit of mejasxiremeht, . 
4n is the lengths , , 

In the exaiB(ple above, we picked an arbiti^iy unit "n" which we used to 
measure IS, but we could have used any unit of length. Man first began com- 
paring and measuring physical objects by choosing some convenient unit/ Often 
this was some part of his body and was quite satisfaqtoiy for his, primitive , 
culture. But as tribes and countries began to trade with each other, a need 
for more standardized units became necessary, and the head of a co\mtry might . 
decree that the' "standard unit" would be "the distance from the tip ol#his 
nose to we tip of his middle finger," or somie such unit as this. 'Even today 
• the system conwonly used in English-speaking cotmtries is*based on thes^ primi- 
tive body measures. , * 

In the past, disagreements about linear units became so common that a 
.group of French scientists with representatives f rom lAany countries established 
an international set of measures. This group developed the metric system 
which discarded the old units and based all units on the distance from the 
North Pole to the equiatpr. The. meter is. 'the basic unit of length in the metr^ 
system. (The meter was-^lanned to be one ten-mi 11/onth of the distance along 
a meridian from the "North Pole to the equator, but recs«tly an international 
congress of Scientists defined the meter in relation to the wave length of a 
certain color of light.) The r^tric jystem is used by most scientists in the 
world and is in cqmmon- use in allcountriea except those in which English is 
the main language spoken. We will consider the metric system in mpre detail 
in the next chapter. However, the history of measur^ent is interesting to 
Junior high students and can be correlated with social study units quite 
effectively. 

Another aspect to be considered is what is meant when we say an object is 
6 feet long. We will adopt the convention that we mean the length is closed 
to this number than to' any other comparable one. In other words, we say t^iat 
the object is closer to 6' than to 5* or to TS* that the "true" length ip 



betveed 5 •J* and 6*5 The greatest possible difference between the asserted 
length and the "true" length is not more than one-half the unit used for meas- ^ 
' urihg (in i^his case, h foot). This one-half \init is called the greatest 
possible error • * 

Afe another example, assume a measurement is given as 2^ "/measured to . 
the nearest half inch. The r^al length ^en lies between " and 2^ ", 

' i 1 1 

and the greatest possible' error is 2 2 or jj- A diagram may be help- 
ful here. Note that^ say the length of each of the segments below is.si 
inches, when measured t o the nearest half inch. 



* 


1 




2 . 3 




'k. 




1 , 


1 


1 


1 i-r'^ 1 


,,„i „. 




I' 



Possible segments 



AC 



Sometimes the form, 2^ ± ^ in..^ is used where the ^" ii3dicatea..th% 

greatest possible error. This shows liiat the object was measured to iJhe near*- 

1 2 
est ^ inch. Another way to write -Uiis would be • 2^^ not changing the frac- 
tion, to lowest terms, although the first method is usually preferr^i^.. 

The precision 'in any . measurement is shown by naming the smallest unit 
ui^.ed. Thus in the example above the measurement is made with a precision of 
one-half inch, or is precise to the nearest one-half inch. Qreateat possible 
error, however, is the greatest possible difference between the T^ftl length of 
I segpent anfi the measurement stated f Greater precision is obtain«^Dy using' 
an instrument ^ose units are subdivided by fractions with greater denominators . 
Measurements made a ruler marked in eighths are more precise than those 

ma^e with a ruler marked in fourths. A micrometer is an exati^jle of a precisio% 
inistrument whose subdivisions are named by fractions with denominators of 100, 
1000, and 10,000. ^Constant ef Sorts to develop better precision instruments 
are being made by industry beca/use of the increasing need for very close 
tolerances. 

We can see some of the ramifications of precision and greatest possible 
error when we use measurements in various computations. Let us say that we 

have .two lino segpaents, both measured to the nearest ^ inch: 2 ± i inches 

11 o . . 

and ^ + ^ inches, respectively. We would like to find the sum of. the meas- 
urements or th^e length of the two segments when placed end to end. We could 
lay these segments end to end and measure thepa, but suppose we decide to add 
'.the numbers. 2^- and . We have made some computations revealing the 
greate^it possible error of the sum^ 



Iieast Value 

\ — * • • 

■•. 4 ; : 

.1 



4 



Reported Measiire 

4 v.; 

' .... ^ .•'T-T':^-** 
.7 ' 



Greatest Value 



Thxxs thd Bvsa 7 really haa the greateat possible error of ^ and Is not as 
ps^ecise as our original measiirei&ents* A further discussion of computation with 
approximate data will be found in the next, chapter. 

Flxially ve should»note that some problems of measurement are psychological 
In naturef - For exanrole* ^ubat does e youngster mean when he says that his age 
la 127 Vhat does al^bman mean yihen she says that sh^ Is 39 years old? 

Class Exercises • ^ . • 



5. If a length Is repbrted as Inches^ the true length must be between 

and The greatest possible error Is • ■ ^ > 

6. a. Measure the lengths of each aide 5f the triangle to. the nearest loth 



ch and express your answer In two ways. 




4 



b« Add the numbers representing the measures and indicate the greatest 
• possible ^error of this. sm« 



Indicate the measure and the Unit for each of the following measurements, 
a* 3 teet^^^ 2k hours a 

b» 17 pounds ^ d. l6 ounces 



1 
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12*3 Angular Measure * . ^ . \ 

Let us recall the definition Of an angle: given two differfent rays • AB 
and AC not on the sake line, with connnoti endpoint A, AB .U ^ - /BAC, We 
need to devise a method for measuring an angle, and we will attack* this essen- 
tially as we did*measuremWtrof segments* That is, (l) tjie unit for measuring 
a segment had to be^a segment; (2) the segment to^ be measured was compared 
with unit segments; and (3), the measure of the segment was tfhe number of unit 
segments into which it was subdivided* Similarly; we need a xmit angle with, 
which to conipara the angle to be measured. The measure of an angle is associa- 
ted with its interior. To measurg an ang:^e, its interior is subdivided by the 
unit angle. . " f 

Students can select s6me arbitrtary unit angle and, in measuring various 
angles can review again marqiiof the id^as of approxitiaation in misasurement. An 
easily obtained and slmplfe unit angle to use Is formed by folding a place of 




Then /CMA. Is a model of a right angle. 



:Dir 
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If you unfoW tlje^iKap^ "it .^ijL appear like thls- 




. Thli3 shows four tnodels of angles, all co2igruent> that together vith their 
interiors fill thfe plane^ . 

Refold the J)aper so that you again have a model of a single ripht angle. ^ 
How fold so that the rays represented by AM and oS cbinclA. ^ 




This provides us with a model of ap^ angle such that any four successive 
angles with a. common vertex will*exactly fHi inthe half -plane. 

Refold your paper. Proceed to make one more fft.d as before. You now 
have a model of an angle, eight of whlch> suocegftlvely placed with 9 comnon 
vertex, will exactly fit on the half -plane and its edge. The picture below 
shovs a model of sixteen such angles. Since this is not a coqpon'unit, we 
might <^11 it an "octon," since eight fill a half -plane. 
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We may use eight of these octons as a slntple protractor. Each ray qt the 
successively markecL-off octons may be'asfepclated with a whole number, taken tn^ 
order from 0 to 8, to give a protrac/or with a scale on it *sui table for v 
• use iri measuring angles. It should be lemphasized that the measure of an angle ^ 
/Is a number * We read "m(/ABC)= as TThe 'mieiasure of an angle ABC is seveni" 
This statement of equality is permissible since the measure of angle ABC is . 
a number. 

Eventually the pupil recognizes, that approximate readings of angle meas- 
ures "to the nearest octon" lead him into a sitxiation such as shown below in 
which both /a. an^ (clearly not the same size) haVfe a measure of 2, to 

the nearest octon. 





The need for a smaller unit soon becomes apparent. The .standard unit of 

angle measure most coinnonly used is the degree / Other \inits are used in more 

advanced or specialized work but will not be discussed here. The degree may 

be determined by a set of rays drawn from the same point on a line such that 

they determine l80 congruent angles. These l80 angles with their interior 

form a half -plane and its boundary, the line. Each of these angles is a stand- 

o 

ard'xinit angle. Its measurement is called one degree, and we write it 1^. 
When we speak of the size of an angle, we may say its size is h^^ . • However, 
if we wish to indicate the measxire of the angle, we must realize that a meas- ^ 
\ire is a number and say that its measure, in degrees, is ^5. If we lay off 
360 of these unit angles, using a single point as a common vertex, then these^ 
angles together with the4.r interiors cover the entire plane. 
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Ev^n- in ancient Meaopptamlan clylUzatlon the angle of 1 als the angle 
• • • 

of unit measure vas -used. The selection of a unlt^ angle which could fitted 
Into the plane Just^360 times, (as above), was probably Influenced by their 
calculation of the number of days in a year as 360« In thjs book we concern 
oiiTselves only with angles whose measures are between 0 and l80." Because 
of our definition of an angle. It Is 6ot possible to have an angle whose rays 
coincide or extend In a straight line, ^ ^ ^ " 

Thus the measurement of angles ess^tlally becomes a process of^ determine 
In^B^^iany times the^glven unit anglQ iV contained In the given angle. Vlhat 
we are assuming^, of cox^rse^ Is the exia^^ce of a one-to-one correspondence 
between all angles and-all the numbers, between 0 and l80. In fact, this 
very one-to-one coarrespondence Is postulated In many new geometry books^ Th6 
correspondence Is similar to the one-tc**one correspondence between all ]|blnt& 

...on a line and all real numbers. ^ . 

■■ . • . 

Remember that measurement 1« only approximate, arid often it is difficult 
for yoifiingsters to dr^w and measxire angles precise to . 1 • The markings on a 
standard protractor are closely jspaced, and the width, of the sl'de. of a model 
. of an angle may fill the space between two of these markings. Therefore, 
when a measurement* of. an ^ABC is given as 65 degrees, it should be indi- 
cated as": m(^ABC) « Protractors of clear plastic are aVatlaJale and are 
quite effective for demonstr6tloh^"^'fi; the overhead projector. 

An exercise that students can do is ^o draw several angles, then find the 
measures, in "octons," of these angles. Using a protractor, the measures. In 
^degrees, may. also be found. Students also like to exchange papers and measvire 
the angles their classmates have* drawn. 



Class Exercises , 



8. The sketch shows a protraptCiT placed on a let of rays from point K. Find 
•the measure, ^n degrees, of each angle named. ^ 

5 
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• , f.. 


./bice 


b. 




■" g. 


ipSD 


c. 


/akc 


" h.- 


/HKD 


d. 




. * i . ■ . 


/dkb 


e. 




• • • : ■ J- . 





12.k Classification of Apgles and Triangles 

^ Now that w^ are more faini3|^ with congruence and linear and angular meas- 
lire, let txs- explore some geomistrical facts related t9 idea^ of distance and 

measurement • Ihis section stattss many definitions already familiar to you "but 

» -I 

are given here for your reference. Seventh grade students sometimes encounter . 

. in visvgaiSjzing all of the cases of a particular definition* We 

**. ■ * . ■ • * ' ■ . 

will attempt to point , out some .;of these trouble, spots in thi^ section. AgaXn, 

however, students .ne?d to have an intuitive feelijag for the ideas presented 

here before they can verbalize them meaningfully. ^ y 

'^We may now define a right angl'e as an angle ^oae measureutent is ^ degrees, 

^.one whOBe size is less thaa$-^ degrees as ah acute angle, and one whose measure 

* • ' '» * * ■ * ■ ' . ■ 

* ,16 mote than 90 degrees as an obtuse angle. Notice that. because Idae measure 

of aii an^le fj^i associated with its Interior, w^:.do not need to say that an 

obtjise jungle has a degree meiasure of less than^iyBO. ' • 

• Tjjhen two 2?Lnes intersect, they are pefa^ndicular (symbol: J_ ) if one of 

* the angles determined by the*, lines is a rijght angle* Idne segments and rays 
' are said to be perpendicular if the lines conliaihing them are perpendicular* 

/ Observe several 6f the' posslbtU^fes below* Students sometimes do not want to 
accept the conditions as displayed in (c) ^and (e). T\fp pieces of wire, or 
even pencils, i'epresentlng segments, placed on the stage .*pf" an overhead pro- 

. Jector, wjll often help to make this clear. 



B 




/ (a) Bk JL 



(b) Line i^^^^/^line m 



(c) RS JL TW 
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.- (d) Line i ±. iS ^ . (e) CU J- line n v . . 

If two angles have the sdltteveytex and^ave/a coitoon ray but have no * 5 
intexior poix^ta In comnon, then taey ar^ called* adjacent angles > If the am ^ • 
of the measures^ in degrees, of tw&angles is l80, 'jthen iixe angles are called 
supplementa!ey angles. If the sm of the measures, in degrees, of two. angles 
.,1s 90ijrthen ^fefii^'^are (?oinBleriientary angles. Supplementaiy ax3d coffl|>:^ementaiy * * . 
ajiglps may be; adjacent but this is not necessjoy. Again, these two terms are 
often confused, and sttadents need to see many, instances ^f both bdfore the 
definitions are "well established in their rain^Ls. The lingllsh tisage of the two 
words (a^ well as the word "conrplement" ) is also a iittle different than the . . 
pathematical u^iB, and this -may need to be pointed out, . ; 



Class Exercises 

' . 9: If two adjacent angles are supplementary, what can you say about th$ line 
formed by the "outside^* rays? . " 

' ' ' . ■ ■ * ■ . * ' * 

lO* If two adjacent angles are coiaplementaryji what can-you say about the 

V-.^^^:^)utside" rays? ^ ' - ; ' 



138 
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Again for your refesrence, we may claseiiy triangles according to either 
their sidea or their angles • 




In triangle ABC all the angles are acute angles^ and A ABC is called 
an acute triangle; also A EDP with'^the obtuse angle EDF is called an obti^e 
triangle. One of the angles In A Cffl^T is- a right angle and the triangle is 
called a ^Ighlsf^ triangle, * 

Using sides of a triangle for. classification, ve fe^ that if none of the 
sides of a triangle ;&re congruent i then the triangle is scalene . If jiwo sides 
are congruent, then the triangle is Isosceles , If all three sides are con- 
gruent, then it lis equilateral , - . ^ 

Some of the f<pllovLng exercises are examples of trouble spots for stx>dent9j 
but they often enjoy trying to find a counteir-exaraple, tEhe converse of a con- 
ditional statement may cause difflctilties (see Exercise l6), but here is a 
place where logical reasoning may, be stressed to good advantage • . ■ 



cia^ExerclseB 



11, Is it possible to have 
. a, a scalene right triangle?^ 

b, an Isosceles ^.rlght triangle?* 
Ci. • an eq\rL lateral right triangle? % 

d, an isosceles obtuse triangle? • 

e, an equilateral obtuse triangle? ^ ^ 

12. What seems to be true of the angles of an'equllatM;a4ss^5^ngle? 
^13,. What seems to be true of two of the Wangles of an isosceles triangle?^ 
llv. If a triangle is equilateral, is it also Isosceles? 

15. Is the converse of the statement in Exercise 1^ true? v. 
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• In Chapter 11, nauojes were given to certain pairs of angles formed when 
two l^es are cut by a transversal, namely, corresponding angles and alternate 
^ interior angles.- QJhe SMSG text. Mathematics for Junior ^' High Sphool/ ^ Volume I, ^ 
very, effectively leads students through a discovery of the relationship between 
corresponding angles and shows that when peirallel lines are cut by a t^knsver- 
sal., the corresjBonding angleei are congntent. ^ 




In the figure above, r^ and r^ are paorallel (i.e;, r^ f\ r^ = 0), and 
t ""is a transversal. 

^ The two 'angles in each pair of corresponding angles are congruent and 
hence equal in measure. Thus, we may write: 



Jy^ if 



m(/a) = m(/^e) 

.ui(^b) = m(^f) 

m(/^c) = m(/^B) 

m(^d) = m(^h) 



. We will not^go through thi^ development but will list this property and 
two othlKPs which will be usm. ih a subsequent geometric proof • 

!• Vertical ap^es*formed by two interpecting lines ^ » 

are * congruent • 

* II. Two lines in the same plane and intersected by a 

transversal are parallel if and only if a pair . . ^ 
of corresponding angles are congruent. 

Let us now prove, through a class exercise, ^the folloxdng statement about 
triangles: „ * 

^ . The* sum of the measures, in degrees, 
of the angles of any triangle is l80. 
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!Hie proof is based on the property that if a set of angles and their ^Interiors 
form a half -plane and its boundary, then the sum of thp measures of>the angles 
Is 180. 



Class Exercise 



X6. Consider -the A ABC and AP and b5. S ia dravm tlirough K^jlir^ so 
• : that m(^) = m(/jr» ), . . / / 




Answer the questions and use- a property to explaflsr-IIj^" for each of the 
following: ^ • ' ' 

a. Is 'S§ parallel to AB? 



b. 



d. 
e. 
f. 

g- 
h. 
i. 



What name is -given to the pair Of angles<- marked 
X and x» ? Is m(/x) =m(/x»)? 

What name is given to the pair of angles marked 
z and z' ? Is m(/^z') = m(/^>H. I 

m(/jr) = m(/y') ( J \ 

m(/x) + m(/jr) + m(/z) = m(/3{^T + ^(S^^) ^ ra(/^z') 

.m(/x) + m(^) + m(^2) is the sum of the me6siires 
of the angles of $h4 triangle. 

m(/x' ) + m(^') H 

m(/jc) + m(/y)' + ^/z 

We conclude therefore that the sum of the meas\ires, 
in degrees, of the. angles of the triangle is l8d. 




Why? 

Why? 

Why? 
Why? 
Why? 

Why? 
Why? 
Why? 
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A formal proof of a geometric' theorem, usually appeariiag in tenth year 
geometiy texts, heft ju^t been developed. However, it is important to 'note 
that tMs sJiould be done with seventh graders unless a great deal, of ground 
work is. laid and an intuitive development of these -properties has occuqrred. 
Students need to<»meastq:e and find the sums of the measures of the^ angles of 
many triangles. They shoiild cut off tw^ angles of a paper model of a triangu- 
lar region and place them beside the third angle and see that the three angles 
and their interiors seem to fill the half-pi§ine. Als^^ before these properties 
•Qan be used as reasons in a proof , the pupils have^ to state them in precise 
mathemaiJ'cal language and understand ful]y what they mean, 9 

. Jn this section we have not stated many of the properties of geometric 
figures, and we have not given a definition of many of the common polygons, \ 
Some of these are left for you as class exercises and chapter problems. As 
with much of the mathematics presented at the junior high level, g€^metric 
concepts can best be developed by having students use paper and pencil as they 
read and listen, by letting them construct models,, arid by the teacher asking 
leading questions. On the other hand, much of mathematics is quite Abstract, 
and the students need tp be led toward fHese abstractions as they progress 
♦through the Junior high school years. 



Class Exercisei* ' J: * 

' ' ' . ? - \i 

17. Given a line -r and a point -P not on the line, define the shortest 
segment from P to r. 

18.. . Define what you think is meant, by the disjtance between two parallel lines, 

19. In Chapter 11 a parallelogram was defined, but a rectangle could not be 

r 

defined. Why;* not? 

20. Prove: If two ..parallel lines, and i^if'lii^^^irit©*^ by a trans- 

versal,, ty.i^lSn a pair of altemai/e interior angles, and 
If, are congruent (Hint: Use Prdpertief I and II as stated in 
this section. ) ^ *< . ^ . 



A. 




74 

12.5 Circles 

One of the most conmon simple* closed cxirves is the circle, yet in the 
chapters on nonmetric geometry we were not able to give a definition of a 
circle. Why not? The reason is that we need the concept of distance and 
measurement to define a circle. From the piftmitive idea that a circle is . 



*rom3d," thTQU^ the idea that it is the se€ of points at & pxed distance 
.from a given point, students may develop the f (Allowing definition • . 

.s.vvV • A. circle is a simple closed cui^e in . 

> a plane, each of whose points is the - same 

^ * distance fromia fiyed point in the same 

plane called the center* V 



we repeat again that the definitions stated in\this 'section are in- 
. .clvded only for completeness and handy preference.. However, some of these 
• lotgbt refresh your memory, as they certainly \ are new to many o^ 'the more recent 
Junior high sca<x)l programs. ' • . . * 

In the figrare below, point P is called the center; but, l^y definition, 
the center is not part of the circle. The segment FT is called a radius of 
the circle and is defined as any segment which ^jdins the center P to a point 
on the circle. The word "radius" is sometimes usedsto mean the distance from 
the center to %jay point on the circle* Usage will generally indicate the 
correct interpret^on for the woxxi. ' 




;A diameter of a circle is a segment thai/contains the center pf the circle 
and whose endpointe lie on the circle* Jh^ relationship between the radius and 
the diameter of circle can be expressed as: 

, / ■ d = 2r, or r^id. . ' . ' V ' 

vial relationship, but it is itapc/rtant a 'little later in 
our development of. tureas ♦of circular closed- regions* 

. Certain 5)th|r sets of pointi^ often associated with a circle may be men- 

* . * » • . • . 

tioned. 
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In. theSfigure above, line'^i contains exactly one point of the circle and is 
called a ta ngent to circle P^. intersection of the circle and the tangent 

point called the point of.. -fcangency ^ The endpbinta of segment AB are 
*on the circle, and AB is said to be a choi^ of the circle. ?y this ■defini- 
tion is a diameter also a chordV \^ 

In C||||ipter 10, separations of line3> ^planes, and space were discussed. A 
point separates a line into three subsets:^ the two half-lines and the point 
itself. A line separates a pland into ^three subsets: the two half -planes and* 
the set of points on the line. Descxdbe how a plQne separates space into three., 
subsets. ^ ' * , .J 

Does a circle separate a I>lane into three subsets? .Yes, the three sets ^ 
are the interior fegipn, the set of points on the circle ^.tself, and the ex- . . 
teriol* region. Does a single point on a circle ^separate- ^e, circle- into three ' 
subsets? Does point X, for example, separate the circle bea^Di|\i.nto three sub- 
sets? ' " . ^ - 




We see that whether we. move in a clockwise or a counterclockwise direc- 
tion, we will eventually return. to X. Therefore, a single point/separates a 
circle into only two subsets, \xnlike the sltuatioxi with the line. 

Just as we considered parts of lines called line segments, >^e will consider 
pasrjis of ci^^cles called arcs . ^ 




.In^e drawing abaV:e;, the circle is separated into four paz^s, or subsets; 
the. two points X and Y and the two arcs determined by them. If no ambigu- 
ity results, we usually consider the "shorter" of the two arcs and name it 



J 



J 




vc^^^^ symbol represents th(5 word "arc." ,^ 

% tiie possibility of cc^nfusloix extsts, , j 
Xabel a point on the arc as in the fig.- - 
•iv'iare to the right. We may now speak of..* ' ■ 

L.i^. without, ambiguity. , ^ 

7/- In wo^rking with arcs we often wish to compare them just as- we compare 

lengths of liiie segments or measures of anoles. !IMnk of a circle divided into 
'.••SfiO congruent *arcs. Each such arc determines a unit of arc meastire called one 
r^' degree of arc. B^s from the center of /Uae circle, passing through tp^^ end- . 
■ '^ints of an arc, debemdne-a central angle. We may think of^ a degree of arc ; 
- as being determined by a central angle Which is a unit angle of one degree. 




In the figure above, if the measure of central angle /ACB, in degrees, is 
70, then the measure of iOS in/ degrees is also ,70, written: m(iGS) = 70. 
,Bemeiilbe^ that arc measure is not a measure of length. For example, consider 
the -two concentric circles belo^: ; ^ 




The tX arcs and ^DSE have the same central angle, /GPH., There- 

foif-e, and DSk mu6t have the same, arc measure, eveicrthough the "length" 

ARS is shorter than the "length" bf DSE. The length of a circle is called 
.cjrciunference and this wftl be discussed in the next chapter. 
[^^ni^^note of caution: Some students have difficulty using ruliera, protrac- 
torp/s/pi^d cor^ for drawin^||igures and measuring. Although mathetnatlcs . 

is not a^KkJujfse in which drafting should be taught, it is essential that stu- 
dents receive ^om,e instruct^^on and practice in the use of these devices. 
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Ctass Exercises " ... 

. ■ ■. A" 

21. Two meanings were given to the word "radius*" What are the two meanings 
of the word "diameter?^* : 

22* Define diameter in terms of a chord. ^ • * 

23. Draw a circle and an angle^ in the a#me. plane 'so that their intersection 
consists of: a* 1 point, b. 2 points, c* 3 points, * 

. \ . d. PI pointsV e# no points. ; • 

2k. Describe the.inteilor of a circle using the concept of distance. 

. How many degrees In a quarter of a circle? im one-6jghth of a circle? • 
in five-sixths of a circle?. 

aS. ..Given typ concentric circles, deiionstrate a' one-to-one correspondence 
between the points in J5S and the points in iSfi. 




12 . 6 Conclusion • * • 

This chapter has- attempted to extend nonratetrlc geometafy by developing the 
concepts of congruence, the ^iature of measurement, and a brief discussion of 
circles. In the n^xt chapter we will continue this, discussion on the metric 
propeartles of sets of points by examining perimeters, areas, volumes, and ^ 
sy 8 1 ©as* of measures, . ' ^ 

fck>metlml^p the intuitive and measurement aspects of geometry become bogged 
down In a dictionary approach. It is iraportan^^hat this be avoided. Students 
develop nonverbal awareness of many of these* ifleas before they can state them 
formally. Through discovery they see relationships in sets of points, and 
their interesjb and enjoyment in understandinjj this kind of material is aroused. 



300 



Chapter Exercises 

Brstv a segment 2 Inches loi^g and' divide It. iso that It can fae iised as a 
rul^r ta.show a precision of one-elghtlaJ^RclTr-^-^ 

Draw a segment. 2 Inches long and divide It so It can be tised as a ntLer 
to show a greatest possible error 'of qner-elghth inch. . ^ 

A rectangle has a length of 5 inches and a width bf 3^ inches. Each 

♦ 1 • ■ 

meas\irement is given with a^predsion of ^ inch. 

a. Draw a rectangle usiiSg the longest possible segments 'that have these 
measiirements. . 

b^. In^the interior of the rectangle in (a) draw another .rectangle that 
v^v has the shortest possible segments with these measurements. 

Kame as many special kinds of quadrilaterals as you can. , ^ 

What do. you think is meant by a regula^ ^qlygon ? 

What coxidltion(s) are necessary and stiff icient for two circles to be 
^congruent? ' , , . " 

Given a circle and a tangent to the circle. What- do you think the rela^ 
tionshlp is between the tangent and the line which joins the center of 
^tlie circle to the point of tangfncy? ^ J . . * 

. Draw, two arcs whose degree measures are each% 60 but such th,at one seemr 
^to be twice the length of the other. What se^ to be true about the 
radii of JchSL circles that contain these arcs? ^ • 

Define a spherjv ^ 

We proved t^hat the sum of the degree measures of the angles of a triangle 
was l80. If a "triangle" is-drawn on the surface ol* sphere, is this 
•still true? Give a definitton of a "triangle on a sphere*^' What is a 
"right triangle" on a sphere? . ' ^ 
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Answers for Class Bxdrclses 



1.. .A ABC e A EDC 

AB S 1^ . 
BC DC 
. AC 



2. 



3. 



ItLZ s ^PQP. No. The sides of an angle are rays and have no lengths. 

Yes. Reasons will vary- (A. formal proof is not required, but intuitive 
rieasoxiing by testing, several cases will show that, this seetils to b^ true.) 

ilo , « ^ ^ . ^® angles of these triangles are con- 

gruent respectively, but the trlaiogles 
are not congruent. They are called 




similar. 



5. 
6. 



3" 



1"* 

5 • 



■5" 

and 5^ , 
AC = 4|±i, 



AB« 3^, 



BC 



32 ' . -'It * 32 ' ^16 ^ 32 

The greatest possible error of the sm will be three times the , great- 
est possible error of the iMigth of any one side. 



7. 




Measure ( 


Unit 


• • 


a. 

X, . 


3 
17 






c. 




, hour 




d. 


16 

» • 


oxuice 


8. 


a. • 


mt/AKB) » 20 . 


f. 




b/ 


m(/FKE) « 90 






c. 


m(/AKC) « 170 


h. 


S 


d. 


m(/^BKG) » 60 . 


i. 




e. 


m(/AKD) » 70" 


■ J- 


•A . . ■ 

■ •9.- 


^Shesy are perpendicular. 


10. 


11 : 


a. 


Yes b. Yes 


c. No 



12. . They are congruent. 

13. .They are congruent. 




m(/BKE) 
m(/0 
m(/HKDS 
m(/pKB) « 50 
m(/HKC) « 35 

They are j^rpendlcular. 

d. Yes • e. No. 
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■ Ik. Yea . 15.* No ' " • 

Id. a. * Yes, by Property II.. . 
' ' ' b. Corresponding angles. V Yes. If 2 angles are congruent, the^S^ 
measiares are equal. 

c. Vertical- angles. Yes. Vertical langles are congruent, and their 
measures are equal.. ~ • ' * . 

d. Were drawn- so . as to have equal measures. . ' ' 

e. The measures *in the sum on the* left are equal to the measures 
in the sum on the right. ^ 

f. By definitioa of **sum.^' - , 

g. Property III. 

h. TwQ xxames for the same numbex^ as izvHcated l,n steps (e) and (g). 

• 17 • The shqrtest segment from a 4)Oint P to a line r. is the segment 

from P perpendicular 'to r. . 

18. The distance between two parallel lines may be described as the length 
of anjj segment contained in a line perpendicular to the two lines, and 
having an endpoint on each of the lines. , 

19. The definition of a rectangle depends on the use of a Hght 'angle which 
.was not d^fi^h^ until angle measure was discussed. 

* 20. Given: Jt^ )| A, and transversal t. 

Prove: [p ^ 

a. Is ^ tr because of Property I, 

, b. [h ff because of Property II. 

c. m(^c) s m(^b) « m(^f ) because congruent angles have equal mea^siires. 

d. Is ^ because angles with equal measures are congruent. 

• e. Hence two parallel liues are cut by fif transyersal, a pair ofgf 
alternate interior angles are congruent. 

■ * 

21. "Diameter" can be used. to refer to the length of a line segment joining 
two points of a circle arid containing the center o^ the circle, "Diameter" 

".can also refer to the line segment itself which contains the center and 

has endpoints on the circle. 

f 

22. A diameter is a chord which passes through the center of ^ circle. 
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23. One possible answer is given for each case: 



a. 



b. 



c. 





.d. 






( 



2V> The interior is the setTof fill Ixsints X such that PX < PR, where 
is the c'enter of tl^e circle. 

. r 

26. Corresponding points may be determined in the following manner: Select 
any^point .on iSfe* Draw a ray from 0 through that point. -The ray . 
passes thi*ough a corresponding. point on This. may be dpne using 

points on either arc, and foaf* any point on either are a corresponding 
point on the other arc may be deterrainea. This establishes a onerto-one 
corresiKjndence betweer))the two sets of points. 
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HBRIMBTBRS, AREAS, VOLUMES 

■\-. ■ •' ^ •• • ■■ ■■; ■ • , 

. ' Introduction 

. . Thls.chaptear is awontittuation of Chapter 12 in tfeat we cULscuss the 
t,.. ^use of measvi^ment^in finding perimeters, areas, and voliimes. Although 
... there are sfeveral vaars.^ of approaching operationp oh. numbers representing 
, measurements, we have chosen a fairly traditi^al one as described in the 
first section, ^ ... . * * . 

An attempt is made to poin-j;.. out difficulties that student^ encounter 
in dealing with such topics- as th^ approicimate nature of .measurement as It 
relates" to pef^meters, areas, iand yoiumes, the number «t, • and the* relation-, 
ships l;ietwBen the various geometric figures. For example, the concept of 
. . area is approached by dlsfqus sing* the. closed rectanSgular region, then relating 
./ areas of the regions pf other, simple closed ^curves to this, 

— rA brief discussion qt ot^her units of^fieasure.' relating to weight and 
' time, €tlong with some of the pioblema that students may. encounter in theijr 
future ^studies of mathematics* and- science^ will end this Chapter, 




' 13»1 Operations with- " Nu^fe^s of Measua^e • • •' . 

Binary operations on numbers have been defined in Chapter 6, but how 

may^we ileflne an operati6n on the' so called* ''denominate" tiiMbeM? This has 

■ . • * 
' not really bothered us very much, -but students sometimes encounter trouble . 

* b6th in operating* A/lth these numbers^ and in converting from one unit to • 

another, Theref ore , * w^. need to consider these aspects briefly. 

^.-If we have 3 jrards^pf ribbon *and* 2 yards of ribbon, how' do we find 

,:j the^tOtal combined length? We know how to add numbers, but "addiijg lengths" 

is .spmethlng different.;^ ♦'We could sa;J^-we hava two segments of 3 yards, and 

•yards', respectively, laid end to end so that they have Just one point in 

• . ■ * ' . ' f ' ' ' 

common. Then we get a segment whose measure-, in yard$., is 5 and whose 

.length is 5 * yards, ' ' 

* . Let us reemphasize our tenjiinology. Recall that in a phrase such as 
"3 yards is the length", we said "3 is the measure". The measure refers 
to the number 3. (THe uriit,of measure is the yard.) Now *e can apply ' 
arithmetic operations such as addition to these numbers c?alled measures, 

♦ .If we'have 3 yards of ribbon and 2$ more yards of ribbon, then we have 
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5 yards of ribbon altogether,- because- the sum of their measures is 5 
(3 + ? - 5)- ..... 

However., ^^laupt be very carisf ul here . For example, it makes no sense 
to attempt* to find the sum of 35 ' 17 if ' 35 *^is the degree, measia^ of. . 
an angle ajid 17 is the inch measure of a line, segment. We need to expand 
the Comparison Property of CJiapter 12 which said that two continuous geometric - 
figures or sets of the sam;e kind may be compared as to size. >Let us further 
agree, then, that when we operate on two numbers of measure, thai they rep- . 
i^esent the, same I'kind of measurement", with the -same unit. You have already . 
t$tcitly assumed this when you did. some of the. exercises in Chapter 3. 

In ihe British-American system of units there is a hodg^^-podge of stan- 

' * ■ 2 
dard units. As an example, 2 feet, 2k inches, and. yajrds are^all 

names for tiie same length, and we may use the symbol to show this: 

a feet 2h inches j yard. Also the interrelation among the- units is . 

capricious; 12 inches inake'a foot^, 3 ^et make a yard, 1760 yards make V ^ 

a mile*. I 

It is important that students be able to change a measuremeijt^f rdm on| 
unit to another, 'SO they must know the relationships among the units. |jea^- V. 
urements in different- units but treated as if they were in the same unit. ; 
are often the basis for errors. Iri other words, reading the names of units 
as well as the nuHber of these units, using common sense to^ determine whicp 
is the best ^ unit to use for a particiaar problem, jknd being aware that \ 
operations are perfomjed on the numbers need to be stressed with ♦students.** 

As we stated earlier, most scientists and most of the non -English / ^ 
speaking countries of th6^, world use the metric system of measurement. Even 
our units are now defined in thrm of the metric system, and most rulers 
that children use in. school today are graduated* in both inches en^f ^centimeters. 

^ur common units were originally based Qri body raeasuriss and developed 
over a long period of time, whereas, the metric system ^was arbitrarilj^ made 
''by man with no relation to hiS body. However,^ it was related to,, our base 
ten system of numeration, Vhich allows iis to handle such measurements quite 
easily.. Let us compare base ten with the metric -system/ 
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Length 



Weight 



Volume 



Thousand 


1000= 10^ 


kilometer 


kilogram 


kllollter 


Hun^Lred . 


100 = 10^- 


Viectpmeter 


hectogram 


hectoliter 


Ten 


i. 10=^10 


dekluneter 


dekagram 


dekaliter : . 


One 


■.. \.= 10° ' 


meter 


gram 


llt6r 


' Tenth ; 


0.1 = lO'"'' 


decimeter 


decigram 


decillteir 


Hundredth 


. 0.01 = 10'^ 


centimeter 


centigram 

if 


centiliter 


Thousandth 


10. 001 = lO''^ 

V 


millimeter 


mllliaram 


millilitei'^ 



In §1 manner much like our decimal system of numeration, eachjlinear unit- 
• is either tenar(or ^) /times as large as the adjacent unit. Thus one del^eter 
•-'is the same length as . 10 meters. "The same relationship holds for.welglit' 
and volume* ^ ' - . - ^ 

The- pref^jces designating positive powers of ten are adapted from the 
Greek and the prerixes designating negative powers of ten aa:e adapted from' 
•the, Latin, This system of units allows us to write •such a phrase as: 
1^ . kilometers 7 hectometers 2 dekameters 9 meters ' 8 deci^ieters « . 

6 ceijtimetera > in a much simpler way: ^729.86 meters. It should be noted 
\hat the prefixes '*deka^ and "hecto" are seldom used. We^ included them' for 
completeness* . ' ■ ' y ' , • 

. • Once students understand the prefixes and hpw the metric system is 
related to base ten, it the^ -becomes a- sim^ple matter for them to coitipute- witli 
these measured quantities* For example, suppose ,we asked students to find 
the sum of h dekameters 6 ^^metera 2 centimeters and 7 meters 
3 decimeters 6 centimeters. This problem could be written in this form: 

1*16 m. . ' 



and the sum of the numbers found .quite easily by the base ten addition 
algorithm. ^ * 

Students often think that using the metric system is a "grind" or a 
"drag". This is usually caused by too much emphasis being placed on trans- 
lating' from thls^ system to the English system and not spending enough time 
in looking at the metric system in its own right. 



Class Exercises * ... \ * 

1. ' Divide 6 yards 2 feet 5 inches by .11. 

2. Divide . 7 meters 6*^ decimeters U cefitimeters 8, 
3* Which of the aboVe problems is "easier" to dp? Why? 



13.2 Perimeters and Circumference 

Th^ total le^igth of a simple closed purve is calied its* perimeter • In 
the figures belov we may think of the peapmeter of" eabb Hgure as.bein|f the 
distance an ant would have to crawl along the figure in order to return to 
the same- point from which he started. 
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Often students think that the perimeter of a, closed curve Bieans something 
like*^ "P = 2(yl+ w)", or "P = ks" , or C = ird. These are Just mathematical 
sentences (formu5;as') which state precisely** a recipe for dealing with the .num- 
ber^ used in certain geometric figures. These sentei^cps should be the end 
result of the student *s experiences^with measuring ana finding the tot^ 
lengths of many closed curves, anq classifying them acoprding to somfe con- 
sistent pattelrn. Students usuallyNsi^ve little dlfficulw with the concept 
of perimeter, even though it is' subtle. Of ten, . however, Vhey do «ive diffi- 
culty with the approximate* nature oT measurement, "plAggine^l numbers into 
a formula which has very little meaning^to them, and op^ratln)ii. on these 
denominate numbers. 

For instance, let us consider the perimeter of a tt*iangle with si 
Ig- inches each. A student has no trouble with what we mean by "perimeter^ 
but let us explore what might happen when, we ask him to find the perimeter 
in different ways. 



J)f 



ti 



. Ihe measure, in inches, of each side was given as 1^. . This immed- 

. lately tells us. tUet it was measured with . ^ yinch precision and, that the 

greatest,, possible error is ^ Biei^efore, we can write* the length of 

one side as (1^4:^) and the perimeter can be expx^slse^ as . ^ 

^) • ^ ot&er hand,* suppose we did not tell the student th^ 

" measures of the sides, but asked hlxn to measure each side to the nearest half-* 

•'■Inch, then, find the perimeter. He would areport the sides as l^- inches each . 

■• * 1 * • ■ ^ . 

and the perimeter as approximately inches. If the sides are measured, to 

. ' the nearest inch, each would be reported as 1 irich an4 the perimeter as *' 

approximately 3 Inches. . But if we ask him 'to ley a ^string as closely as 
. possible on the segments so.j^at these segments are all "covered*'^ then . 
^easur^:the string to the neaorest inch, we would expect him to say that the 
perimeter is approximately U Inches. Which ©ne is more nearly correct? 
£^ we saw in Section 2 of Chapter 12, the greatest possible error may be 
increased dramatically by ^ition or- multiplication. All this exsaiple cloes . 
' is to p6int out the need again to laj^careful "groun4 rules" for measuring 
and approximations. * • > ^ 

itaother common trouble spot in perimeter is computing the clrc^imfeirence 
. of a circle. One of the student's first contacjis with Irrational numbers 
occurs in using n to, find circumferences by the formulas C = nd or - 
C = 2nr. They do not realiae that., the symbol" "n" represents an exact number, r 
and that if we want to^represent such an irrational number in decimal notation 
th^n we may do so only approximately. One state JLegislature even attempted, 
in 1897, to pass a law establishing the value of n as two rational numbers, 
_ ,y or 3»l^lv6 • H 

. * It is interesting to note that the 'decimal expansion of. has been 
carried out to thousands of decimal places by computers, even though mathe- 
maticians have long known that it is an irrational number. The fascination 
of the expansion of n has intrigued people since the time of Archimedes 
• and lythagoiras. These long computations are. probably of no practical value, * 
but the computer has helped in an examination of the distribution^ of the 
digits in the expansldn of n. 

ERIC ; ^ 
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: Most*, seventh grade students have .had escperience in elemfentary school 
with .computing an approximation to n through finding the ratio of the 
length of. a piece of string laid around a circular, object and the length, of., 
the diameter of that obSect. A, variety of method^ are available for com- 
puting approximate values of n. Often an infinite sgries is used to compute 
jt. An example of 9ne of these series is; 

■ . .... 

A; value Of n correct to 55 places is given in the SM5G Mathematics for 
Junibr High School^ Volume I. ' . 

iihe important point in this dis\iussion is that pobody has any control s • 
over the value pf .aj it is an irrational number. However, we feay approx- 
imate Jt with rational numbers to any degree of accuracy we wisii. We. may 
think ;of it as being squeezed or bracketed^ between successive whole numbers, 
then tenths^ "then hundredths, and so' on. ^ * . . 

^ .^3 < < h ' . 

. ■ ^ . • 3.1 < n <-3-^ . ^ ; 

3.14 < Jt < 3-15 
3.1U1 < jt.< 3-^2 

In actual practic^ we of ten use the rational numbers or 'i.lh 

approximations for jt. • , 

Questions usually arise" with respect to h»w to utfte Jt in computations. 
If the radius of a q-ircle is 10, then tb^ circumference of the circle, 
2jtt, may be written in the form 20jt, which is a perfectly good number. It 
is the product of 20 and Jt. Numerically it is between '62 and 635 
62.83 correct^^,to 2. decimal places. For many practical purposes, a.sat- 
^isfsctory answer for the circumference of a circle^ usually found by using 
^ or 3;.l4 as an approximation td jt. We say that jt is apprbximately 
equal to writing nay or jt « 3-1^ • In working problems, how- 

ever we often instruct youngsters to use one of these values in theit com- 

* - * 22 

put at ions, ancf it is legitimate to say in this case: "Let jt = ~ 

"Let n = 3*1^"* On the other hand, students in the junior high school , " 
should get lots ^ practice in expressing answers in terms of jt as well. 



• 



22 : . ,1. • 
as 



is?; 
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To five decimal places n is 3#llH59 . ..Which is a closer approximation 
to this: .S-y'^^/or, 3^ ^' . 



5; State a mathematical sentence (formula) for the perimeter of each 



simple, dosed curyd below: 

.> . ■ • ■ 



\ X + 3 




to 



y + .3 



fiy + 1 



6» If a wire is strung arouncf the equator of the earth so that it is 

10 feet longer than the circuiajference of the earth, how fiar above the 
earth would it be? Assume that the equator. Is a circle and that the 
wire is the same distance above this circle at all points.. Use -r^^ 
•for jt. . . 



13.3 Areas 

In discussing perimeters, we stated that students usually had little - 
. trouble with the concept of perimeter. This is not true of the doncept of 
area. Ask most people what the ''area* of a rectangle" is/ and they will 
probably say, ''It is the length times width." Again it is certainly con- 
venient that we -can find* areas of closed rj?JStangular regions by multiplying 
the. number representing the length and the number representing the width, 
but this in no way conveys any idea of what area really is. Let us inves- 
' tigate this matter 'in this section. 

The term ''area" means the measure of the closed region of a simple 
closed curve. In. Chapter 11, closed region was defined as being the union 
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' of a siaqple closed* curve and its interior. In cl^opsing units^ of measure we 
agreed that our units ' must be of the same kind as the set of points to be 

m.easured* Therefore, in order to measure closed regions, we should choose 

. *** * ' * » * 

some closed region 'as a unit. . '* . 

We may pick any arbitrary shape for a standard unit of area. Student© 
may\pproximate areas by using "units" of various shapes: circles, triangles, 
rectangles,- hexagons, or even irregular ^shapes. This activl"^y will help . • 
students underst&nd the concept of area/jartd perhaps convince tHem that it 

is only for convenience of communication thfett we adapt, as a standard unit, ^ 

■» - ♦ ■ * ■ . 

. a cloaed region whose boundary is a" square with each side being a standard 
unit of length. All measurements of area are thei\ made by cdmparing against 

..this standard unit of area. . . ' 

Students are confused when they hear statements like; "Incjies times 

"'inches is square inches," and '"Feet times feet is square feet." Remember, 
In dealing with numbers of measurement, ye agreed ..to operate on the numbe^^ 
and that operating on th4 names of the units has no* meaning whatsoever. 
Even though^ we hear "these statements often, and they are mnemonic devices. 
We. should, probably avoid them with students, We call these units square 
incffes, square feet, or square cen-fi^eters because .their boundaries are 
squares. ,. A ' ^ 

Let^us^ agree on an item that will save u^ a little time and space 

. throughout ^^the rest of this chapter. ,We often ..hear .the phrAse, "area of • a 
rectangle" *We previously defined ai'ea as the measure of a. closed region. 
A rectangle is not a closed regidn, even though it determines a closed region. 
Thus, the phrase, "area of a ^[^ctangle" is meaningless. What we really mean 
is the area of a closed rectangular region. However, this ig quite a mouthful 
and we will agree to return to our "math^ematical slang" if no question of its 
meaning .jresults. We use "area of a rectangle" to mean "area of the closed 
rectangular, re^ton" . ^ ' » . ♦ 

Why, then, can we find the area of a rectdihgle by multiplying the number 
'representing the units of length and the number representing the. units of 
width? ' Let us look at a rectangle whose length is 5 gloops and whose 



width is. 3 vfilB'^s. 



D 



.3 gloops 




,5 gloops 



J- 'J 8 




We choose a clSsei^ square region whose side has length of" one gloo^, 
and call it a square gl<»op« 



1 square gloop 



Now,; how maaiy of the@e congruent closed square regions are necessary 
to completely cover the closed rectangular 3region? We s^e that. 15 are \ 
^.needed aiid.;We may state that the are<a of rectangle ABCD is I5 square • 
gloops. r .4 



























* 
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^^^^_^^3hortcat to obtaini«ig this area voUld be to consider this as a .3 
by 5 'array md then find the psrodUct of the numbers 3 and 5. This is 
what we mean when W6 statd^he mat)iematical sentences A = j^v,. or A = bh. 
The symbols A, £, and w repreaent numbers, arid the sentence A « j^w 
states that some number A is the prod^uct of two numjDers, /, and w. Thus, 
in our figure above, we should state that the area of rectangle ABCDj 'in 
square glopps/ is I5* 

Again, ' we have idealized/ this, situation by. assigning the number 5 to 
the length and the number 3/ to the width* Practically, in measuring, we 
usually encounter parts of /units and either have to suiadivide our unit or 
consider fractional' parts/of units* . There is a large gap between the Idealized, 
situation 'and the practij6al situation that needs to be bridged carefully.,, A 
simple closed curve drawn on an overhead projector and overlayed with grids 
of different units heJ^s develop this concept of area* 

We should also (^onsider greatest possible error as it relates to ar^a* 



lould al 

Think of phyBically. measuring the length and width of a rectangle with a 

ruler whose precision is pne-fourth inch, and ob-^aining^ approximate measure- 

Q 1 
ments of 3^* injches and 2jj- inches* 
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• We may write the length and width in the foxms,^ 3^ ± .5 > - ' 

'2^ ± ^ Observe that, there I's a largest rectangle and a smallest rec- 
tangle bdtweefn wtiich/'our fi^iven rectangle will lie. 



1 
1 
1 


r-- 
1 - 


j 


1 
1 






1 


r 






1 


1 


1 


1 


1 


1 




1 


1 
1 
1 


J 








— T . '■ ' ' -'^ 



^ This may ©Isp be shown by a table; 



1 

J « 





; lifinlmum 
Rectangle 


Measured 
* Rectangle 


Maximum . 
Rectangle 


Length 


3| in - 


■ " 3^ in ■ 


' 3J in 


WidJh 


^;in' 




4 in 


Area 

^ 


\ 7^8q in 


■■^ = ^ = - 

8|| sq in . 


9^ sq in 
1 di ■ 



iPrpm' the table we see that the measured area- of the rectangle lies 
between 7ft sq.in. and 9^ sqah. The errors 'from the reported area of 



8g|sq.ip. ar6 ^ sq» in. . and ^ ag. in. 

The greatest i^sfiible error fojw this rectangle is thus sq. in.; 

and we can indicate^ the" precision of the calculated area by witlng: 

% 

Area =: ± gl*) SQ* 

Usually we Just\ f ind^the calculated area and do not concern t)ur0elyes 
With the. possible ^ri^rj but in fields like, tool design and drafting, these 
tolerances dfijen are very critical. ^. ' 



If 



C^nly- a^ cibncepts of area, precision, and greatest 'possibfe errol: 

^ T^ve hfibn established should students spen^^ time on developing the formulas 
foyiiudlng areas of simple closed curve regions. Let us now show one / 
.approacii to tiS^^e formulas. We ijpe stated that th^ sentences, A = i v, 
or equivalentljr, A « hh^ will help us find the area of a closed rectangular 
regloQ. : In this dlscuissloniwe shall use the latter formula, where b la . . 
the measure of tfie lengtW^and h Is the measure of the width of a rectangle* 
-An attempt, will be mSde to relate the formula^ of parallelograms, triangles, 
trapezoids, an^ circles to this. • ^ 

^ if we are given a model of a c3:osed region repre;8enting ^ parallelogram, 
then this model may be cut ancf reassembled in such a way so a§ to make it 
look like a closed rectangular region. See the figures below. / 



(a) 





It may be proved that the figure on the right is. indeed a rectangle . 

• .* • 

whose a?ea is given by the. product bh. Our Subdiyisior| Property^ which 

tells us the two areas are the same^ now allows us to state that , the fomula 

for the area of the parallelogram's also -given by the formula A = bh. 

Areas of trianglei^ may> now be related to areas of parallelograms. Think 

of am^odel of any 'closed^ triangulleu^^reglon, such' as. is pictured below.*- iChe 

height of a triangle is defined. as bfeing the length of the perpendicular 

from the vertex T to th§ base RS. 




J^ow consider another ;modei,' A R'S'T', congruent to A RS^T, and place it 
In t^ie position shown below. 



'it can be proved that figure BSR'T is^ a parallelogram, btft we vilj^ccept 

this as being true. Observe that the area of parallelogram BSR'T, A = bb, 

is twice as large as^lhe' area of the triangle. Therefore, we may state the 

• ' ^ bh ' 

formula for .the area of to closed triangidar region as. A « • 

Moving on to the. area of the closed Dregion of a trapezoid, we shall 

need to add a little notation.. A trapezoid has two sides parallel, and 

"both are of^^en called bases. Let us call the bases r b^* and a^ in 

the following model. ^ 



w 




If another modei cong3ruent to WX1£Z is made and placed^ as in the dia- 
gram* below, it is possible again to prove that the resulting figure is a 
p arallel ogram. .Ve will accept *^his as tru4, ^-so. * 




The area of this^ parallelogram WZ'W'Z may iDe found as the product 
the height arid base; As the length of the tfase may be expressed as IJb^ 
then the formula for the area of the larger figure may be expressed ^2 

_ ("b^ + b^)h. However, the_ two tTapezoids were^ngruent, and oiiSv-tirea is 
again twice as large as- we wish. Therefore, the ^formula to help us find the 
area of our original trapezoid may be stated as: - 




A = 



/ 
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Ihe last fomula that we will develop hgre is tlje oae for the method of 
computix^g the area of a closed circular region in terms of the radius of a 
circle* There are several possible approaches, and many are discussed in 
.SMSG Mathematics for . Junior High School , Volume !• We* have said that we 
would relate our formulas to the formula for the area of a rectangle • Let us 
pursue t1^ls train of thought by trying to transform ^a model of a closed cir- . 
cular region into a model Of a parallelogram, then applying the formula, • 
A = bh* • * • * 

Let us Imagine drawing a large circle with several radii,' as sliipwn 
below, so that all the central angles are congruent/ For convenience we 
chose 16 central^angles. Note also that two semicircles are formed ♦> 




* Now Imagine cutting around the clr(^Le, then cutting it in two, then 
cutting -along the dotted lines* Eight of these tujgular portions should 
look sotiiething,.like this when' caref^ly laid out: • " 




If both portions are cut in this manner and--£ltted tdgether, then we would 
have something like the figure below. ' ^ . 




% The upper and lower boundaries of the completed jJattem have a scalloped 

appearance. If, in the same manner, we cut the circular region into smaller 
and smaller slices. It would seem that the boundaries would' apprpach the 
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appearance' of the following figure: . 




■ -* • % .■ ■ 

But this is a rectangle .and the area laay be found by the 'sentence A « bhl , 
Air we have to do is determjaie the measures that ^ correspond to * b and h* 
Do you JBS^ that %Ym measure, of the base will be approximately one-half the 
• measure of the circumference > In. the la^ section,, the i^l^tion ^ the cir- 
y^^r^^umference to the diameter and the radius was stated as C = jtd or C = 2jtr» 
(m^ half of the circumference tHen would be Just jtr* Now, if we caa state. 
^ the height, h^ in teims of the radi*i«^we will ha^ our proble^ •solved • 
Notice, however, the measure of the. height is the* seme a9 the measure of the 
radius of our original circle* Therefore, in the formula A = bh, we may 



substitute 



"jcr" 



for 



and 



tip" 



for 



obtaining: 



A = jtr • r 

■ • * ■ ■ . or .. f . _ ^ . ' . 

. . (This Is the w^U-hfiown formula for finding the area of a cirole. ^ Remember, 
this has been strict.ly an intuitive approach that"* seems to suggest Uhe^. form- 
ula t^T the' area of a circle. Nowhere have we proved, that this is true. ; 
We^ shall leave tfte proqf ;Cpr later courses in mathematics* 

We have developed a few of the more familiar fogmulas for arSas. Many 
other siittple closed curved regions may be subdi'W.ded into these common f injures 
so that their areas may be con^uted#. This is not the otily approach and these 
formulas are not thfe only ones; there a3^e many ways to present tjifise ideas.* 
We have taken a strictly intuitive approac^i, but students will encounter more 

^ sophisticated methods as the^ continue their mathematics education. ^ 

.Glass Exercises .* 



'.7. . In a«rectangle, does the length always have to be longer than the 
width? Explain. ^ * . ^ . , 

8. How would you Justify the statement, .A ^ s , as the area fongj^la 
* ^ ■■ » 

for a closed square region? 



If a farmer has / 100. feet of fencijigJ what is. th^ approximate areaN 
of the largest garden^ he may enclose mth this fe^ce? 

• V . • ' < . ...... 



13 ,4 tte.asurement of Solids 



'-' ^ The concept of^olumes of solid regions is a bit more difficult thqu 
that of areas of plane regions primarily because students have, trouble vis- 
uaiizing^ ^oli^ regions when the diagrams of these are always in a plane. As . 
waa sToggejBted in Chapters ♦IQ and Jl, sketches and models of solid figures 
made by the students will help them understand three dimensional space, better. 
The use of .1-inch cubical blocks to "jTlir' ^a mbdel of a solid; models of 
•a cubic foot, a cubic yard, and so on, also enable* students to ;^cture the • 
volume concepts fit little cleiSLrer. 

The discussion of the previous section relative to ai'ea also applies to 
volume,, and we will not spend much time repeating many of these topics • In 
other word^,» we should proceed with students in a manner similar to the way, , 
• in which'- linear, angtxLar, and aarea measurements vere developed. Let us 
briefly mention these ideas agai^ 

"Recall. that we have said that, theoretically, a continuous quantity may 
have an exact measure., but that practically it never does* For exan5)ie, we 
are talking theoretically wii^ we say a segment has a length. We are talking 
practically whenjrfS^ay its length is a particular measure correct to a car- 
tain number of places. We have also said that the set to be measured must 
be measured by sctoe unit of the same kind: a* unit segment to measure segments, 
a unit angle to measure angles, and a uiUt closed region to moasijre closed 
regions. Similarly, we need to choose saae' unit solid to measure solids. 

' Let lis piause for a moment and consider our terminology. In Chapter 11, 
we did^not define right prisms because t^ie ideas of congruence and angle 
measure's had not been discussed. A right prism is a prism in which the lateral 
edges are perpendicular to the bases. All lateral faces of a right prism are 
rectangular regions. A right rectangular prism is a prism whose opposite 
faces are congruent rectangular regions The term right rectangular SQlid 
will refer to the set of points consisting of a right rectangular prism and 
♦its irrterior. The vo\ume of a particular solid is the number assigned to the 
measure of the space it occupies. We will usually speak of . the volume of a „ 
^•i^l^aictangular prisma by this we really mean the volume of the correspond- 
ing^^id. In other words, the volume is associated with the solid and not 
.with *he surf ace Vhichf bounds the solid. 
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•A cube may be defined as a right rectangular prism whose edges are all . 
congruent. A cubical solid is the. usiXal choice for a unit of volume, and 
through discussion with students, they soon realize that this is the pre- 
ferred unit . 

• 'If we wished to find the measure of the surface of a solid, this would . 
^ be called the surface area. Surface area will not be discussed here except 
ti to say that the areas of the faces of a solid figure may be found aa, in the 
laBfy section, then the sxim of these areag would be the surface area of our 
solid. Students can often be helped in determining surface areas by "opening 
up" the paper models of the solids they have constructed-. * 

Two other aspects that we discussed in detail previously and that should 
be related to volume are the development of the st'andard formulas and the 
greatest possible error. Let us consider the formulds first. The volume 
of .a rectangular solid is measured by the number X w X h, where, £, 
*. Wj^ and h represent the measures of length, width, and height in the same 
■units. This may be expresseid by the familiar formula: 

• ■ V - /wh. ; 

Since the measure of the area of the base is equal to T £ X w we 
frequfently say, that the volume of a right rectangular prism is the product 
of the area of its base by its height. Letting B stand ^or the measure of 
^ the area of thfe base,, this becomes: V = Bh. . 

The importance of developing the concept of volume . before the formulas 
oaimot be stressed too much. Students do not really need formulas. if they 
understand the concept; they can always develop th6ir own recipes if volume 
is understood. The formulas . state in concise mathematical, sentences now to 
deal with the numbers involved. 

Just: as the formulas for areas of closed regions were all related to 
'the area of a rectangle, the formulas for certain Other volumes could all be^^ 
related to the volume of a/^ght rectangular solid. We may first consider* 
right prisms' wit^Tdifferent shaped ba^es and see that the volume is equal to 
' the area of its base times its height: 



V - Bh. 





Ique prism such ^ pictured in- the drawJjig below 




may be thooaght of as a deck of cards which has been pushed into an oblique 
position but still having the same volume as the. corresponding right prism. 
It differs from a right, prism in thal ^its lateral edges, whlle:still con- 
. gruent, are 'not^rpendicular to the bases. Also its lateral faces are not 
necessarily rectangular. 




/ \ 




The only word of caution needed here is that we refer to the height, of this 
oblique prism, as the length of PQ, not the length of a lateral edge. 

The same approach with slight modification can be made to a^ply to 
volumes of cylinders. * * 






In each case shown above, the vo:|,ume is given .by the product of the area of 
the base and the altitude. "Bfte right circular cylinder on the left has 
volume given by = nr^, where jtr^ gives the area of the base. 

We may state in general that for an^, prism or cylinder, right or oblique 

V = Bh . 

Formulas for volumes of solid regions bounded by pyramids, cones, and 
spheres are more difficult to Justify in the way that we have been proceeding 
and these are not often developed for seventh grade youngsters. We may. 
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however, make tMe following relationship between pyramids* and prisms, as well 
as cones and cylinders, plausible by using hollow models and water or' sand 
to establish tneir relative volumes* By this method we can show that 

V = iBh. 



for any pyramid or cone : 
Study the figures below. 



(b) . 



I 
t 
I 
I 
I 



(a) 
(b) 





The volume of a pyramid is one-third the volume of 
a corresponding prism. . .. * 

The volume of a cone is- one-third the volume of a 
cojrresponding cylinder. 
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The volume of a sphere may be related to the volumes of a cone ana a 
cylinder In the following manner. If the radius of a sphere is r, think 
of a right circular cone and a right circular cylinder each with the 
seme radius r and each with height equal to the diameter of the sphere, 
expressed as 2r* Consider hollow models of each as in the drawing below. 







Now, if we asked students to perform the following experiment, certain 
results would seem to be indiCiated, If the cone is filled with sand and this 
sand is poured into the cylinder, we know from the previous experiments, the 
cylinder will be about one-third full. If the sphere is also filled with 
sand and then emptied into the cylinder which is already one-third full with 
Band from the cone, the cylinder will appear to be completely full; Severail 
trials will convince students that the volume of the sphere seems to be 
two-thirds that of the corresponding cylinder and twice that of the corres- 
ponding cone • Since -the. radius of the base off the cylinder is r and its 
height is 2r, the volume Bh is 



V ='(7tr ) X (2r) . 



Therefore, the volume of the apci^re is 

V = I X. (jtr^) X (2r) 

or . 

V » I nr3 . 

5^om this experiment, ve are fairly sure that V = ^'.'^^^ .but remember 
that we still have not proved it* A physical measurement' can not prove a 
^mathematicisa Idea, only suggest it and support it. We will leave the formal., 
prpof of this for a more sot>histicated course in. mathematics. 

The other aspect we mentioned earlier regarding greatest possible error 
Is the last , topic in. this section to be discitssed, Bicall that we observed 
that the multiplication of two numbers used In measurement quickly increased . 
the greatest possible error. She involvement of a third, number in computing 
volumes quite radically increases this again. A large amount of classroom 
time probably 'Should not be spent on this topic, and the use of -an ovej^head 
projector will help accelerate the presentation and understanding of greatest 
possible error as related to vplvimes. For example, consider a ri^t irectang- 
ular prism measured with one -half inch precision with the following dimensions: 
/ lo|±J, w 3|±J, and h = 5 ± . A table similar to 
the one used for reatqiogles in the preceding section of this chapter could be 
drawn beforehand on the overhead projector and completed by the cla^s; This 
method would show the development of the problem and is quite effect iv,e with 
students. ^ will not do the mechanics of the computation, but the greatest 
possible error in volume here is 27.89 cubic Inches. Biis seems large for 
the measuarements originally made to the nearest half-inch, but illustrates 
the rapid increase possible in such calculations. 

Class Exercises • . • 

10. Suppose I and w of a right rectangular prisi^^are each 

doubled and the lateral edge left unchanged. What is the 

4 

effect on the volume? ^ 

11. What is the effect on the volume when each of > w, and h of 
a rectangular prism is doubled? 

12. Thd sides of the square base of a pyramid are doubled and the 
height is halved. How is the volvune affected? 
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13. If a truck is called a 5 to^i truck when its capacity is 5 cubic . 
• ' yards, then what is a truck called which has a body; 6 feet wide by 
9 feet long by 5 feet high? 

• ■ • ■ 

llj.. Compute the greatest possible error in the example given in the last 

• paragraph, if the measurements are made with one^quarter inch precision, 
i.e., i =.10 |±.^ , w = 3|±.^ , .and h = $-± | . 



13 Conclusion ; ' ' • 

Several topics about geometry, both metric and nonmetric, '^•have not 
been mentioned in these {Last few chapters^ but not because they are unim-' 
'portant. We should not D.e left with the impression tfiiat- only lengths, angles, 
areas, and volumes are measured. Time, weight,, and mass, as well as other 
quantities,, could have been presented here, too; but a discussion of one 
topic like area was considered in depth rather than lightly covering many 
ideas. Many definitions were not stated, either, but may be found in 
SMSG Mathematics for Junior High School, Volume !• It is- hoped that the 
pre^sentation here will furnish yoti with methods of introdUQing these other 
topics to studenta. Much of this miaterial on measurement has always been 
included even in the most traditional textbooks, but students often have 
not really understood the concepts involved. 

As you have, probably observed, measurement is the vehicle by which 
mathematics is related to the physical world, it is the language of science. • 
^ interesting examples of how mathematics may be introduced through measurement 

IP and scientific experiments may be found in the SMSG publication. Mathematics 

* Through Science. Students should find in this book some different approaches 
to the develojanent of some of their mathematical concepts. 

Scientific and engineering problems are requiring more and mo're precise 
measurements and measuring devices, and new units of measure are invented to 
meet thefee needs. For exeunple, an angstrom is a unit -Of length which is 
. ■ one hundred millionth of a centimeter, and a micro-second is a unit of time 
which is a i^illionth of a second. These units are very small. On the other . 
hand, astronomers also need very large units such as the light year which is 
the distance light travels in one year at approximately 186,000 miles per 
second. 

Students should remember that measurement is always approximate, and 
answers are expressed. to the nearest unit, whatever unit is being used. 
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Also, a decision must be maide by the . student as to which unit is the most 
appropriate for any particular problem. Seventh grade youngsters should 
begin to have, some eaqposure. tQ a few of the unfamiliar units of measure as ^ 
well as thflBelationships between these and the more common ones. 
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Answers to Class Escercises 



1. 1.*., 10^ in. 
2-. 0.955 ni. 

3, The second problem is easier because we. can use the standard base ten 
division *algorithm immediately. 

3^ is a closer approximation to n than. 3.11*- • 

5. (a) P = Us ' (b) P=l^x + 6 (c) P.= .23t(a + 3) (d) P = lOy + 8^ 

6. The wire would be approximately ^ or l|^ feet above the earth at 

all points. The circumference of the earth can be represented by C = 2jtr. 
If the . circumference is increased by 10 ft. then the ra^Lius is increased 
by X ft . and we have * ^ . 

^^f^s-^^ ^ --"C + 10.=* ar(r +oc) 



■But T 1 C + 10 2str + 2rtx 

■ ^ ' ^ . ■ .10 
thus . 10 = .2jtx and x = "2"V^ 

It is interesting to 'note that the problem .can be solved without ever 

knowing the ^radius or circumference of the earth. • * 

?• In everyday usage we think of the length as beirig longer than the width, 
but it makes no difference which is the length, and which is the width 
because this may be interpreted as an application of the commutative 
property of multiplication. ' 

8. Using the formula for the area of a rectangle: A = / and realizing 
that a square is a special kind of rectangle, allows us to substitute 
s for both i and. w. . 

9. It is a closed circular region with an area of approximately 795 square ft. 

10. The volume is ^ ^imes as great. 

11. The volume is 8 times as great • 

12. The volume is twice ^as great. >• * • 

13. It is a 10-ton truck. ^ • - ' 

* Ik. 13 ^— or 13.61^ cu. inches . 
512 
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: * , . Chapter Exercises . . 

' r ; ■ ■ 

!• The measures of the sides of a triaiigle in inch units are '17^ 15^ and I3 

(a) .What would be the measures of the sides if measured to the nearest- 

/ * • . foot? w . . " 

» . . ». 

'. • . ■ ■ • " 

(b) . Wiat is the measure of the perimeter in inches? In' feet? 

(c) How do. you explain what seems to. be an inconsistency? 

2» TJhicb plane region has the greater area - a region bounded by a ' 

square'.with a sido^whose length is 3 inches or a region bounded by 
I an equilateral triangle vith a side whose length is h inches? 
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3» Here is a .problem which your students might da: - Take an ordin€u:y 
: half dollar, * 
^ . (a) Trace an outline, of it on a graj^^h: paper grid with unit ^ incl^> 
iBstiiaate the are^ by using the grid, 
' . (b) Use thread to represent the circumference and radius^ measure 
them 'on. tHe graph scale, and use them to* compute the area, 
(q) Compare the two results, • 

4, ^(a) A child measures a rectangular prism wfth a ruler whose unit is 

.an inch fiaiobtains these^measurements: length, 5 inches; width, 

3 inchesjfx height, 6 inches* . What is the volume? 
^b) The same prism is .measured with a /ruler whose unit Is 0,1 inch. 

The length is now reported as '5,21^ the width as 3*4, and the 

height a3. 6,3 •inches. What is the volume? 
(c) How do you explain the large discrepancy' in the "answers to (d) 

and (b) ? • , ' 

5, A cone has height 12 feet and base a circle of ^ea 6 square feet. 
What is the- height of a cylinder whose base and volume are equal to 
that of the cone? " 

6, Find the volume of a ballbearing whose radius is inch. 

7, The radius of an unopened tin -can is.^. 2 inch^fr^^d the .height is 
3 ^Jjgfiba**^ ^ ... • . / . . 

(a) What is the circumference of the base? , 

(b; What is the volume of .the can? \. 

(c) What is the total surface area of the can? 

• . 1 
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:A;3Pjefi1iaG(g^ is measiired to be 10" by 8" by 6" with 

(di. precisioix* jr 

iB the smallest possible measure of the true length? 

Height? V 
ifeat'is tlae largest possible measure of the true length? Width? 
^ . . Hei$h%?, ^ .^ 

(c) What is the smallest possible meaattre of the true jvblume? 
.(d^) What is trie largest possible- measure of the %rvie ^olxmeh 

(a) Consider a model df a square regicai with a side of 8 Inches , 
• and cut along the lines as in the diagraja belov, Wba^ va^ the 
araa of this square? . 
^ . I 

V. ■ / 




(b) The pieces cyt from the square may be placed so ^-s to form a 
similar to the following. -\?hftt is the area of this 



recj^^aigle 
rectangle? 



5" 




Note: StlMents enjoy this problem and invent several theories about 
why this paradox seems to happen. i» 



If the raAius of a circle is doubled, what is the effect on the 
circumference? What is the effect on the area? 



/ 



1 
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"• . Chapter Ik 

DBSCRiraiVE ST^ISTICS AND PROBABILITY^^ 

■ r ■ . ■■■'^ ■ " .-X ■ : " X ■ -.^ • ■ ■•• . 

**.*'. • * • . . 

Ihtiy:)d uctlon • 

The gathering, suaanarizli^p^fend presenting of data i$ an important and. . 
. common actlvitij^'todfty. Information is presented dally In various media by 
•tables charts, and graphs.' A variety of descriptive terms are used to sum- 

' marlze large quantities of data. While most people are not directly concerned 
with thei ^preparation of such dattf, eijery:- educate? person should have some 
ability to correctly interpret statistical data. For this reason descriptive 
statistics is introduced at the Jut^ior high level. The main points discussed 
here are grlaphing of data, and measures of central tenden^^y and flisp^^r^ioti. 
"In each case solving problems of this nature gives students an understanding 

^aiid an ability to Interpanet inform&tV>n more clearly. Having .mfiide several 

. broken line. grl|)hs and bar charts, they find little difficulty in reading . 

■ • 

^and interpreting such graphs. y . 

The gathe^ring of data may range from simple reference work such as 
.looking up previously recorded information, to the more sophisticated random 
Sjampling proceduri&s jised in various typea of quality control. Although we 
Lll not be coneedhnied here wy;h the problems of sampling, students are quick 
see some of the flaws inherent iri* different sampling methods ^d enjpy 
di^ussing this topic. Information for such w0rH is easily obtained; Student 
heights, weights, distance jfrom home, number of brothers and sisters, • ages, 
are all easily obtained tod lend themselves to statistical treatment,. 



Ik.l Graphing ' 

Having obtained a set. of datu by^ome means, we^are* usually confronted 
/ With the tasK of organizing and preparing it for presentation. ^ Often, s^s 
of data may "be presented in tab^^form as the example^below. However, it 
is usually difficult to abstrac^ib information from tables. Graphs are gen-^ 
werally- Qlearer, easier to read, and often show relationships not readily 
apparent in, a t8ft)le. * * * . . 



Population Facts About the United States 



Census 


Population in 


. Increase. In 


Percent of 


Yeaxs ^ 


Millions 


Millions 


increase. 


.1790 , 


• • " 3.9 


1.4 




1800. . 


5.3 


* 35.1 


1810 


7.2 


1.9 


36.4 


1820 




2.4 


35.1 . 


■ 1830 


12.9 


3*3 


33.5 . 


.181^0 


17.1 . 




32.7 . 


1850 


23-3 


6.x 


35.9 


■: looO 


3-*-»^ 


. ft 0 


OK/ A 


" 1870' . 


39.8 


8.k . 


26.6 . 


1880 


■ 50. 2 


. lO.k 


.26.0 


\ ■1890 


' . 62.9 


■ -12.7 


25.5 


\ '.1900 


76.0 " 


■ .13.1 


20.7 ' 


. \ i9lOi . . . 


92.0 . 


16.0 


21.0 


\1920\ 


105.7 


- • .13.7 


16^ 


19^0 


122.8 


17.1 . 


131.7 


8.9 


7.2. 


195,0 


150,7 


19.0 


U.5 



The broKen- ^ line graph Is a common way~of picturing data. Such a graph 



is made by first locating points on graph paper and then connecting them conseo 
utively vitl^ line segments. The graph below shows the data in the table 1 
given previously. Here it is* easy to se,e the changing rate of populatloa 1 
increase/ the dec:pease in rate during ^he .1930«s, the population in the | 
years, labeled, as well as an approximation to the population at .any given time. 

Students generally need help in the preliminary work which must be done 
before any actual graphing takes place. One of the biggest problems in con- 
structing broken-line graphs is deciding upon tha scale. How muph each unit 
space Should represent so that the graph is of the appropriate size must be 
decided before any points are put, on the paper. Some students will even need 
step by step instructions as to how to decide on the scale tp be used. Such 
direcl^ions as, "count the number of spaces available, divide into the largest 
quantity to be shown on the graph paper, and round ofT to the next larger 
unit," may be necessary. , * 

Bar graphs are another way of repreke^^g data graphically and are also 
relatively simple to construct* The same problem of scaling occurs as in 
drawing a broken-line graph. Qnce they have mastered the basic techniques, 
students mainly need practice /in making neat, clearly labeled graphs which 
display the desired information. ^ - 
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175 

170 
165 
• 160 

155 
150 
11*5 
li^O 

'135 
130 

125 
120 

115 
110 

105 

a -100 
§ 95 
9 -90 

85. 
80 

75 
70 

65 
60 

55 
50 

ho 
35. 
30 
25 
20 

15 
10 




circle graphs .are still a third type of jgraph with which students must 
be familiar. Their preparation requires the use of a pjrotractor and ^ome 
cetlculatlon as- to the size of angles needed in a particul^i/graph.» Ratio and 
proportion or perceht are usually needed.. Thus to prepare a circle graph of \ 
th/data presented in the table belQV.we need to detennine the size of each 
angle. * • 

Fruit Preference for Lunch 



f 


^ples 


'8' 






12 




DonH care 


28 




Total 


1+8 



To ,db so we weedoeither the; percent or fractional part of the total each 
observation represents.^ Both are given below* . * 







Fractional . . 


• 




Nupber 


P§rt. Percent 


Degrees 


Apples 


' 8 


1/6 . 16 2/3 


60 


Oranges 


12 


l/l^ . ' 25 . 


90. 


Don't care 


. 28 


7/12 58 1/3 


210 . 


Total 


kQ 


1 160 


360 



In either case we see that Bii' angle of 60 will represent th^ 8 vot6s 
for apples, since ^ of 36b is 60 and 16 |- percent of 36O is « 60. 
Of course all problems will* not give such exact results but rounding off to 
the nearest degree will usually be as accurate as necessary for most graphs* 

. Fruit Preference, for Lunch ^ 




Class BxercJLses 



Use the figure below to answer questions I-3 . » ^ 









' / AM. 




A^5° \ 



\ 

- 1. 

2. 



What percent of th% circular region is region A ? 



|iow mBxxy degrees should be. in** the. central angle if region 
37 ^ percent of "^^e total area? • . ^ 



s to be 



3. If vD is the same size as C. how nikay degrees are in the central angle 



of region B 7, 



k. ' Make a broker-line gr^i to ^how*a possible trend In the 1^ successive 
test scores given: ^ 72, 80,. 77, .Q5, 84, l/pQ, ^^5, 80, 100, 67, 77. 



Show 



r the d^ta in exercise k by meiens of a b^r graph; 



# ■• 
. Stunmarizing JData 

- ■ Althodgh® information pijsented i^graphicaj. fqrm is often^easy io under- 
stand, '"vte may want^to know more about the data^ Two questicJns which gene^^l^y 
arise are, "What is an average or typical figure?" and," "How much do the 
observations differ from thia Q.VjsVage?" In the first question'' jwe are looking 
for a sjjigle nqmber which canSje used^to represent all the data. In the 
-secondN question we are concerned with how^he various observations are dis- 



tributed about this averagp. Some sets o:^ observations are spread over a 

wide range while some may be veiy close together • The terms used to answer 

' the first question are measures of central tendency > The terms used to • 

answer the second *re measures of dispersion * » 

• t. 

^thematicians have thre^ technical terms used to measure central ten- 
dency. They are mean, median, and mode. Each of the three gives k number 
which in some^sense may ^serve tp represent all the data. Unfortunately 
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each is associated with the" word "average" . 

The'^ mean or arithmetic toean . is what, most/ people generally think ^ ^tijm' 
they u6e ttte word "a.verage*\ The mean of a group of numerical obserwClons is 
calculated by adding all the observations- and^ dividing that sum by the number 
of observations • .Consider a small company of nine employees ^ with salaries 

**as shown beldy. Mding the salaries and dividing by nine giye'fe a mean salary 

' of ^U^OOO^ 

(President; ** • . ' • » *^ 

♦ . 

^( Son-in-law) 




( Vice -president ) 
(Custodian; 
(treasurer) 
(Designer) 
(Salefiflian) 
'(Salesman) 
(Production) 



r 



> . 
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4 Iv5,p00 
35,000 
.10,000 

■A./. . 9,o6'o 
* ■• \ - • ♦ • ' 7,000 

.6,0C)0« 

,-. . • * 5,0Q6- 
" . • \. , 5,000- 

. ' if,t)00 ' 

■■ ' ■ . r ■ ■ . . .» . . . . . 

. Although the mean is. frequently used/ at times it mpy misleading. In 
attfiinpting to ^recruit -a nav employee to l^he •company, it was pointed out that 
the "average" salai^ in the ct)mpany' was 4?-^, 000 . It is true that this is . 
'the meaot salary, and' the average of ♦■$llv,000 does in a way represent all 

/the data." On thp other hand it seems misleading and we are not- comfortable 
with* it sij^ce seven of the iflne salaries are less than this average salary. 
This d^ one characteristic .of the nl&an. It is sensitive to observations such 
as the -president's salary, wljich- differ markedly from the others. . . 

Another tyjJp of average^ not affected by a few- observations which deviate 
markedly fronuthe otherq, *is ihe median. . . ^- .\ • ' . 

' The median* i& defined to. be the Middle ntunber when data is' ordered Wi-fe 
•respect to ^ize.'^.If there is no midi^e number, as is the case when the .to'tal 
set contains an 'evenymmber of elements, then,, the . median is the arithmetic 
meM- of the twd^ middle numbers. Thus, in the example above, 4^^,000 is the 
\edlan salary., ifhis. seems to be a jnore signif.icant figure* than the^mean Xn 
this^ tase, since now half th^ salaries are.fiigher (or .equal)', and half the 
salaries are lower (or .equal), you recognize the median as the 50th per^ 

-tfentile, a*i:enn-.used in reporting test data. Notice that the median would 
remain Unchanged* even if ;the. P^ident*s. salary were, dqubled, while .tke 

^.-niean wQulc[*?e 'changed -sharply- t(p $i'9,000. We ^lould Aot* fault- the mean for • 
being* affected by^individual observations;* it may b^ that this is the exact 

• ^int w^wwish to emphasize.' 
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Still^ another m^ajire of central tendency is the mode . The mode 
.defined, to be. the numHer ^hich occurs most often in a group of observations. 

• Using our* Jrevipus exaaaple., wee see 'the mode to be ^5,000^ , ^Occasionally, 

^ 8^ of* dai^ will have more than one mode . \ , . 

. ^ These three measures, mean,. 'median, and mod^, ar^ filll used at times 
* . • • * . 

to.djftscribe central tendency* Any time reference is made to an average we 

must understand what ^aeasure Is being us^d*. .Either careless or delibe'r]|t'e • 

misuse of the terms aoxi lejad-^. erroneous^^nclusions. Thus the saying, 

J*Pigures-don»t lie, but liars figure." , 

' It is important for students' to realizp that vei^ 'different sets of data 

may have the same* measure of central tendency; , Consider a second company of 

i^ner employees. Salailes for this conil)any^ Company B, are 'listed with s6l- 

• aries of the'pjfevious company, .Company A, for aOmparison. * 



c 



35,000"/ 
10,000 
9,000 
7,000 
6,000 

'5,000 
5,000 
• k,6o6 



.Company B 




19,000 ^ 
- ' 18,000 ' ' . 
17,000 

* : *' . / ■ 16,000 . ^ 

' ^ . U,000 
• - • . 12,tX)0 

* * V- . 11,000 
* * ' 10,000 ' . 

.9,000 

• V ' ' ' ^ \ ' . " * 

• ' Examining t^e salaries as displayed ia tahul'afe^. form shovfe a ve^ 
different salary structure; for instancy the lowest salary in Company B is 
greater than the five lowest in Company A. On.thfe other^hand, both companies 
hav^ jthe same mean salary, ^1^,000 . . 'An impor^tot difference between these 
two ^situations' is .the difference between the highest and lowest salary in ' 
eaetf-case. In Company A this difference^ ife ^ivl,66o while in Company B . 
it is only 1^10,000 . This number, the difference between the largest and 
smallest number in a set^ of obse*»vstipns, is called the range . We see tha-^ 

,^e smaller the range the closet- the individual, members of the set are to the 

mfeasur^s of central tendency;" *thati^, the closer they ''cluster*' about the 

me*n. ' The range then gives Some indication of hf)w the- data is distributed 

ab^ut the mean.. It is a measur^ of dispersion.*^ ' . \. 

Aij^ther measure of dispersion is the Average deviaiJioh from the* mean*. 
(jr, ■ ' ■ " T« — ' — ' ■ f ' — * 

pPhetifcverage^ deviation, is computed by finding ^t^e difference -between eech 



number and the mean, ,and then finding the mean' of these differences. This 
gives us "on the average" how much each individual observation deviates from 

the mean. • . 

Let US refer again to. our compaoies, each with- a mean of $l4,000, and 
compute the. average, deviations in each case.' 



Salaiy. 



1+5,000 
35,000 
10,000 
9,000 

■7,000 
6,000 
5,000 
5,000 

4,000 



Company A ^ 

(mean ^14,006) ' 

.• t . ■ 
Deviation from mean 

•31/OOQ * 
* . ■ 21,000 • 
U,000 ^ . 
^,000 
,; - tVOpo^" i 
8,00(31. 
9,000 . 

9,000 
.'10,000x 



%1 



10U,000 J 
Average Devia^on 

^ii,5M (i^) . 



Company p 
'(mean 4l^,000)' 



Salary 

19,000 
185000 
17,000 

. l6*,000 
14,000 I 
'12,000^" 

ii,Opo' 

10,000 
9,000 



Deviation from mean 



1 . 



5,000 



28,000 

Average Deviation 

lO< 
9 



r >3,iii .(^) 



Here again 1^he relative sizes of the average deviations gives us infor* 
mation on the scatter of the daia about the mean. ^* AMfhimgh other, measures 
of central tendeyicy are more, conimonly used,, iihe^ average deviation is easy 
to comput£_and does give us an- indiQat:|pn of dispersion. 

The range has the' dis'advantage that- it is Effected ty individual obser- 
vations, qnd thus may not always give^an accurate picture offthe distribution 
The average deviation is less influenced by ^ly one observation and thus . 
givfs a better indication of -the scatter of the data. . 

You are fawiliar^ wit35|^her measures o'f dispersion such as stand4rd 
deviations And variance, but these J^re rftuch .moj-^dif f icult^tO compute and ^ 
their interpretation requires much more time iJhan is .generally available in 
grade. seven* 



Class Exerclsea » . 

6* Find the mean, n^edlan and mode of the following observations: 
. . (»^, 5, 5, 5, 5, 6, 8, 8, 10, 10; 11) / ■ ' . ^ 

J. ' What is the range of the above data? 

Find the average deviation from the mean for the distribution 
in ExeVclse 6. 



iU.3 Probability * . ' • * 

' • ihe study of probability and its applications' is an important -part of 

many disciplines. Relatively simple ideas which can be expressed in terms ^ 

of .c^ins, cards, dice^, arid marbles in bpg«, have developed inta a powerful 

tool Used in .-a wide variety of s^eas. The methods of statistical inference 

developed from tKe ddeas of probability are used in making decisions in " 

such diverse areas as medical research, quality control, and insu'ranoe. An 

understandixig of "some of the key ideas of probability should be part of every 

junior high school student's education, , -These ideas are relatively *imple 

to grasp and can be used to. answer a variety of questions about chcfence events. 

^ When we talk about the probability of sOme event occurlng we are asking * 

the question, "How many times can we exp^t an event to occur in a^ given 

'number of trials?" In the simple example Ml .a coin we see that when flipped 

in the air it' can land l^wo ways, either heads or tails, It-seems reasonable 

that pne outcome is Just as* likely to occur as the other an^ we 'would expect ^ 

to 'obtain about twenty-five .heads and twenty-five tails in^ fifty trial?. We * 

w<a(Uld^ say that the ratio of the number of heads to the number of trials is 

1 : 2, Since this m^ans tl:)at about half the time we would get a head, we say 

— ^ 1 • ' ' 

that *t;he probability of getting a head is — • The same .reasoning leads us to 

expect a given number, say a 3> about one out ^of, six times when rolling an 

ordinary die^ We ^ould expect the^r^tio of th^ number of threes ;to the ittimber 

of rolls to be 1^6 \ Again we would say the probability of getting a 

three is • Notice that in these cases only one of the possible outcromes 

c^ occur at a time and each appea;*s equal] 

Thjs idea leads us to one of the basic notions lof probability. If all» 

the . possible outcomes of an experiment are equally l^isk^y,^^^J*ten*we Thaiy express 

the probability .that an event E will occur' as 

o S 

O- ■ • • * • • ■ ■. ^ 337- l^p 
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where *t is the number of possible outcomes in which event E occurs, and 
% is the total number of possible outcomes. 

/. ' Thus the probability of a head showing- on -a single toss' of 'a coin is 
" . ■ PCH) =1 

since, of the 2 possible, equally likely outcomes (H and T), only 1 (H) 

is a success. \ * 

^ The pro)?ability of a ^ showing on k single roll of a d^ is 

> P(6) . I . 

Since, of the ' 6 possible,; equally likely outcomes (l, 2, 3, h, 5 and 6), ^ 
only one (6) is a sujfccess. * 

What can we say about *the number - in the probability formula 
f ■ ' ' 

P(E) = ? If every possible outcome* is considered a success, then t s, 
s 



- = 1, .and the probability of sViccess is 1... If no outcome .Is considered a 

success, t = 0,. - =? 0, and the probability- of success is 0. 
^ s . • . 

If an event A is certain to occur, then P(A) = 1 . 

• If an event B cannot occur, then P(b) = 0 . ' - ^ , • 

Further, we may write j ' . . . 

0 ^ P(E) < 1 . : ^ ' * 

As the probability changes fSom 0 toward 1, we become more and . 
more certain of success.. • 

Example: What is the probability of drawing' the fomTT^f hearts from an 

.ordinary deck of 52 playing cards? 
Solution: Since out of 52 poss^ible outcomes a success can occur in only 
^ ^ one way, the probability is ^ . We assume each card has an 

equ61 chance of being drawn. 

Example: What is the probability erf drawing an ace 'from the same deck of 
52 playing cards? 

Solution: Here we may draw any one of the four acep so that a success may 
occur four ways out of the 52 possible outcomes. Thus the 
probability of an ace is P(.oceJ ^ ^ ~ 13 ' 

. '. ■ ■• • .■■ ■ J' '■ • 

Class Exerciser 

1 r- * . ^ . • 

y. What^iG the probability of Betting ari even number In rolling an oiPdinary 
die with six faces numbered 3, ^, ^> ^ ? • 

10. • What Is the probability of ♦ getting a prime numt'cr In rolling the die 
. Problem 9? • ' . 



1^* What, is the probability of drawing a five from an ordinary deck of 
52 playing cards? , ' * * . . 

. - ■ • f 

What . is tlie probability of drawing ^a red five from an ordinary deck 

of 52 cards? 



\ 



Since the probability pjT event' A is given by P(A) ;= - ^ then the 
probability of A. not occurring will be given by 

P(not A) = 



(This is so, because if A can occur in t ways, then it will fail to occur 
in. s • t ways.) But changing tile form of this fraction give^ the folloying: 

- ^ P(not A) = : * 

s " s 

- s 

' . • . P(not A) 1"- P(a) . • • . 

Therefore the p!rt)babillty of an event not occurring is 1 mihus the probabil- 
ity of the. event occuiring. 'This se^ms necessary since we want the' sum* of the 
probabilities for any particular situation to add to 1; 

P(A) + P(not A) = 1 

To answer many questions of probability we need a .method of determining * 
all possible outcomes of certain types of events.. One way of listing the 
-outcomes is illustrated below. Supposier ve- wish to enumerate the possible 
outcomes in flipping a penny, nickel, .''and dime. The t^ee diagram below 
• shows all possible arrangements for the. three coins. 

Penlciy * * * Nickel Dime 



Prom this tree w5 6ee there are eight. i)OSsible outcomes, listed belpw, 

i 

... ■ POSSIBLg OUTCOMBS 



HHH 


!EHH 


Hter - 


THT 


HTH 


TTH 


HTO? 


HOT 



Since each of thefee possible outcomes is equally likely, we assign to each 
the probabiUty ^ • |he sum of the probabilities for all possible outcomes 
in this situation/ asn.n all cases, is*; 1 - We are now in/ a position to 
answer questions Nm^gJ/ as the following/ "What is' the probability of ifeejting 
2 heads and one tail when three coins are flipjfed?" Referring to the table 
we see that.' 2 he ads. and one tail can occur three ways out of the eight, stf 
that* the prol&^ility' is I" . ' . 

\ V : . ■ ^ ' 

* . * ■• 

Class ExeJt'cises . 

Use. the table developed above to answejr the following: 

13. What is the probabili-^Jjif getting at least^o heads? . * * ^ 

lU. What is. the probability of all th^ee. coins being the same? 



lh,h Probability of A or B ^ . • ' • 

Our previous discussion wa;s limited to single events. Other sit unions 
^rise when we want to kno^ the*?)2j|)ablllty that' ofte of two or more events 
occurs. Let us consJdei^the possible outcomes if -we roll tVo dice and record 
the numbers showing. 'We -could use a tree to list all possible outcomes but 
another way would be to think of the. two dice as being tiffereht colors, say 
red and white. Then we see that we could get a red 1, with- any face of the 
white, i.e.,^ R1-Wi/r1-W23 R1-W3, Bl-^k, R1^W5, Rl-W6. The same possibili-^ 
ties exist for a red 2, a red 3, and so forth. This leads us to^he _ 
table below. , 



Poaglble Outcomes. with Two Dice 





H W 




R W 


R W 


R.W 


' (11) 






(k iV 


(•5.1) 


(6.1) 


(1,2) . 


..(2,2). 


(3,2) 


(»*,2) 


(5,2) 


. (6,2) 


. . (1,3) 


' "(2,3) 


. ^ (3,3) 


- (1^,3) 


(5,3) 


(6,3) 


. <1,M 


' (2,M 


(3,»^) * 




(5,i^) 


(6,A) 


. (1,5) 


(2,5) 


<3,5) 


(»^,5) 


(5,5) * 


(6,5) 


. (1,6) 


(2,6) 


(3,6) 


(»^,6) ■ 


(5,6) 


(^6) 



In the table we are using an oixiered pair notation. For example, (3>^) 
means a 3 on the ,red die and. a 1^ on the white die. Notice that- this 
,q\x±!te different from (^^,3), a k on the red die and a 3^ on**he white. 

Sometimes the possible outcomes of an ex^riment are represented ift a 
getfjple space as showii ^)elow, * * 



white 
die 



l-^ 



6j X X X X X 

5- X X X x^x 

X . X 0 X X 

3 X X X X X 

2I X X X X x» 



X X X X X 

I I r I — < I 



X 

X. 

X 

X 

X 

X 



. . . 1 Z 3 ^ '? S 

ft • * ■ ■ ' 

red die; 

*The circled x correspo^s to the outcomes (3>*^)* To each of the 36 x's 
in the sample space we have assigned the probabili'|y of ^ since each 
outcome is equally llke;).y to all others* Thus 7^(3,^) ^ • • 

With a sample space of this type, many probability problems reduce 
themselves to simple problems of count ijig applied to the formula P(e) = ^ • 
This relationship of counting to probability is very' important and is one 
of the reasons why probability makes an appropriate topic f^r the junior 
High school matSiematics class. '4 ^ 

If • we ask for the probabJLlity of getting a sum of 3 on one roll of 
the red and white dice, there are 'two possibilities associate(3 "with the event 
(1,2) and (2,1). ' The i)5CQbability then is ^ivei^Tby* 

• ' ^ P(sum of 3) [(1,2) or,i;2,l)l ^ . 

* ^ ' A 1 . 

Notice, however, that each individual event has a probq^bility of 
• • . *^ " " 



BIO that we could have arrived at the same answer by adding the Individual 
pix)babilities. * ...... ^ • 

^- ■ P ((Xvp).or (2,1)^ ^ PU|2),;+ P(8>i) = ^ 

5*^ihis property of adding probabilities iiolds .only wh^n the outcomes: under 
question are nM g|Ually exclusive ;, that lis, Irhen they cannot occur at the gam^ 
time. If events A and B are mutually' exclusive and have probabilities 
P(A) and P(b) -respectively, then . ^ • 

P(A dx B). = P(A). ^ P(B) . • .. ^ 

;1 * 'consider agaih 'the probabilitiy .of- getting a sum of 3 or less on a 
single roll of the re^ and white dicev The. sum of 3^or less means a sum- 
of 3 pr a sum of 2. (Note, that 2 is the 'lowest 'siin possible on two 
dice.) The event 3- and l^lae event 2 are mutually excliisiye, hence we > > 
•pr^^ed as follows . ■ • 

P(sum of 3 or less) =- P(sum ^ 3 or sum of 2) 
* P(auB[^'^of 3) + P(sum of 2) 

• V - = P ((1,2) or (2,l)j + P(l,l) 

'-i: = p(i,2) + P(2,i) /p(l,i) ' / ' . 

\ ^ ' V ^ - . . 1 -1 • ^ • 

^ ; • . 35^^ 3^ 

"F"l2 
■ * . . . o • 

Our result, of course* agrees with that found for the same problem 
.-^ ' ' 

solved directly by counting points in the sample spa^je. ^ 
Class Exerclsesj 



isesy 

Le S^]£filc 



Use tixe table k^y e'^Qped in this .section to answer Exercises I5-I8. 

15. * What is the probability of ^ result with a sum of 8? 

16. What is^ther probability of ..getting a double? (both faces "the same) 

17. What is the probability of getting a double or a sum of * nine? 

^ 18. j^i/hat is the probability of getting ^a. double iDr a sum of eight? 

.19. FroV a, bag 'containing .3 .re.d marbles, 5 white marbles, and h black 
marbles, one is drawn- Answer the YoMowing questions. ^ 

(a) * What is th^ probability pf ^tting a red? white? bi^ack?- 

(b) What is the probability of getting a red or black?/ 

^ • (c) What is the probability of getting* a whrj)b or red^^ 

(d) What is the probability of getting a red or white or black? 

♦ » 

3^2 " 



ii^»>3 "" ferobabl/lty of A and B 

) [ "T 

;> • Sttie quefi||lon oonaidered In tJfle last - section, t|ie',pE$fl>ability of either 
:; A or B, hab its counterpart which may be aal^ed as S^oliows: "Wha* is. this 
.i. Brobabillty of b6t.h . events {' A ) and B* occurring?"^ If we consider the simple 
\ caa^ of flipping two coins, 'then we have four possible outcomes: 

; (H,H) , tH,T) , (T,H) , Ct,T) . 

' ' \ \ 

Agaih^ we adopt the notation where th^ first letter corresjionds to the first 
. coin; the second to the second coin. We agree that $ach of these Tour pos- 
sible : outcomes is yequally likely .to each other. Hence to each we .assign the 
proba)&ility • !paus, we may- write. 

*If. A ; iflL Ijie eyent ^hat the. first coin shows h^ads"^and B the event that 
the second- coin ahows heads, then we have P(\^ • and . B)n =^ • 
Notice,' however-, that irtdividua'lly ■ ' ^ I ' 

P(A)=| .^d P(B)> 1 

In this case then, ^ ' * ^ < 

'■ Ha and b) « p(Aj • pCb) . - .j.*- ^ 

In other words^ ^ ^ 

"* • P(H,H) = P^(first coin H) and i (second coin- H)J 

_^^»^*,=tE( first coin-H)v P( second coin ^ 



2 * 2 

1 

5: • 




Letsitts try this approach on the probability of getting a (l,l) when rolling 

^ 1 

the red and white dice. We already know that this probability is, but 
notice aga^ii^ that the probability of each individual event (a 1 on the red 
^. die* and a 1 on the white, die) is ^ so that the desired probability is' 
1 11 ^ - 

, given by 'the product ^ • ^ 

This observljtion is true^^ln general whenever the ^ents are independent 
By independent we mean that the outcome of one event has no effect on the 
outcome of the^se^nd.. In general: ^ ^ 
. » If events A and B are independent,^ with 

probabilities P(A) and P(b) respectively, 

^ , . . • then the probability that^^ bpth events occur 

> ■ ; is \ given by 
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. \ ' ' P(A and B) = P(A) • P(b) 

_. ... 



% i58 



As an example of the above > suppose we flip a coin and roll a single die and 
ask. the probability. of getting both a head and a 5. Certainly the two events 
are independent, and sitice the probabilities of the two events are ^ and ^ . 
•respectively, we have ^ 

* P(H and 5) = ^(H) * P(5) 

"11 



■ ..1 ■ .. • ■ ■ ' . • 

■ ■ ^ = :i2 * 

This example is. simple and could also solved by a tree or table showing all 
possible outtromes. In. more complicated examples,:- however, the use of the 
individual probfibilities is simpler. • ' ^ 

JSlass Exercises ■ 

20/ Find the probability of a head showing on each :of 5 tosses of a coin*. 

21. .A coin is tossed and a die is rolled. What is the probability of getting 

a head and an odd number? t> 

* • ■■*...»*•••■',. 

22. In the preceding problem what is the probability of g^bting'a head and 
a number less than six? 



Answers to Cliiss Exerc^aes 



.•^2.^135° 

6% mean 7 

median ^^^^ 6 
•mode = 5 ^ 
7* . raiige is 7 




^ 2 

8.« ' average delation == 2jj- 



9 



10. 



.11. ^ (^)' 



12. 
13. 



16. 
.17* 
18. 



1 / 6v 
5 3^ 



^ (3^) Note that these events axe not mjjtually exclusive.. 

{k,k) gives a sum- of 8" and at the same time 



■19. 
20. 



^ double^ 
^^l ^ ' ]| ' ]^ 12 



(0 14)^ 



(d) 1 



_1_ 
32 

p,> 1- i 
. h ' 



i 



\ 
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• ^ . • Chapter Exercises 

!• SixpiEirts were-^ thrown at a :circular dart board ♦ The following 

observations w:ere obtained: (8, 7^; Sg^ ^> 5> ' >^ 

Each observation ■ is the zjieasured distance in- inches of a dart " . 

from the center of the target* ' • . ... " * 




Find the mean, median, and mode of the data* 



.2. What is the range and average deviation of the data in Exercise 1? 

•3. Suppose in Exercise 1, all the measures had been doubled mistake. ^ 
What would happen to the mean? Is your conclusion true in general? 

If. What would happen to th^ range and average deviation if* the data, in ^ 
E3^;rcise 1 1^ been doubled? Are your^conclusions true in jgeneral? 

* ■ ' * ■ ** 

5. If a bag of 100 oranges contains . 9 ^ad, what is the probability of 

the first orange chosen being good? If you have given away 37 oranges,, 

one of which was bad, what is the probability, that the next one is bad? 

". ■ • 

6. : Make a table showing the possi-^^le outcomes in i^^-ipping four 'coins. 



U||^ng the table above,, answer Exercises 7-10. 

/ ■. . ^ ' . . ' . * 

7. What is the probal^ility of all heads? 

^ / . — ^ . • ■ ■ . . ■ 

'8* -W^t is the probability of exactly three heads? , 

.9. What is the/probability of one or more heads. (Hint: ' First*find * * 
the probayiilty of no heMs.) . • 

10. What is the probability of exactly, one head or all tails? ^ 

% 

11. in brdinaiy deck of 52 playing cards is shuffled, one card drawn^ 
replaced', the deck shuffled, and -at second card 'drawn. 

(a) What is tlie probability that both cards are rei^^ 

(b) What is ^e probability that the first card/J^a spade and * . 
^ ^. the second i^the ace of hearts? .. 

(e) What is the probabili-ty that the second card is the same 
as the first? \ ^ 

• (4) What is the probability that t fte two c5f hearth- is chosen first 
and tfie three, of* hearts is ^chosenS^econd? ' \ ^ 

12. A coin is flipped ten times and a head appears each time.\ Assuming 
^ the coin to be honest, what is the probability bf a head apJpearing 
next. (Hintr^ The coin does not have a memory. 
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Chapter 7 
Answers to camptisr Exercises 



(a) f§ =3 X 13 
(bK6o = 2^ X 3vX 5 

(c) 81 = 3^^ 

(d) 98 = 2>^ 

(aX^Xt^cm. = .78 
.c.f. = 6 





e) 3,80"^^ 2^ X -3^ X 5 
f P.258 = 2 X 3 X U3 . 
576 = 2^ X 3^ 
2321+ = ' 2^ X 7 X 83 



l.c.m. = 210 

A 

.c.f. = 7 



(c)- l.c.m. = 1517' 
■g.c.f. =■'! 



N 

9 

i(i 
11 
12 
13 

15 
16 

17: 
18 

19 
20 
•21 
■ 22 

23 
2k 

25 
26 

■27„ 

28 

.' 

. 30 



Number of Factors 

.3 ■ 

2 

. 6 



Factors of N 

••1,, 3, 9 . 
1, .2, 5, 10 

1, 11 

1, 2, 3, k,.. 6, 12 

.1, 13 • • 2. 

1, 2, 1, \h ' ■■ \ 

1, 3, 5,^1? . ' ' 

. 1, ?; 8, 16 .5 

M, 17- - . ' 2 

■ 1, ■2-, 3,v 6,. 9, 18 ' ^ 6 

1/19 . .... _ " . 2 

; % 2, u„ 5/ 10, 29:-^ - ■ „ 6 

1, 3, 7, 21 / 

r, 2, 11, 22 • . u 

. 1, 23^ ^ 2 

1,2,3, U,6>8,12,2U' • • ^ ^ 

1, 5, 2&* ^ ■ '3 

1, 2,.. 13, 26.5 ^ 

1, 3, -9, ^7 . ^ 

1, 2, U, 7, 28 6 

' 1, 29 2 

8 



1,2,3,5,6,10,15,30 ■ 

(a) 2,3,.5, 7,11,13,17, 19, 23, 29 (the prime numb.ers) 

(b) ^,9,25 (the squares of prime numbers) *^ 



Sum. of •.Factors 

.13 
* - . 18- 

12. 

■ 28 .. 

2h . 

■ 2H 

■ • " / 31 " 

18 •• 

■ - 39 , 

2d 
• h2 

36 

2U .- 

60 

1+2 
UO 
56 
30 

-,.72 ■ » 



(c) Three: 1, p " and p . 
(ej The fectjprs are: i,2,2 ,2^, 



(d) Four: • l,p,q,pq. Tb^e sum is i+p4-q+pq. 



^tiere are k + i of them. 



(a)» No^ It is not possible to have exactly four faumbers between two 
^ odd numbers • Between^ any two *odd primes there is always an odd 
number of numbers • If they, are consecu"&ive odd primes all the* 
, * numbers between would have to be composite, » 
(bTl Yes, For example, betweeii 23 and 29 there are exactly 5 
. ^ composite numbers: .2k, 25, 26,^ 27, 28. ^ * 

(a) , 135, 222, 783, and IO65 are all divisible by three, 

(b) 222 is the only number di-flsible by six. 

(c) 135 'Imcl 783 are divisible 'by ninq. . . I 
(i)f '135 and 1665 are divisible by five; ' . , 

(e) 135 and IO65 "^are divisible by f-if teen. * . ' ' 

•* ' ' ' . . 

(f ) - Hone of the numbers are divisible by fotir. * ' ^ , - 

..I * ■• ' ' . 



Rows 

1 
2 
■ \ 
8 
16 



J 



Bulbs per row 
112 

- 56. 
^ 28 
14 
■7 



(Bulbs aAd rows may be interchange. ) 
The pattern is ar five-pointed star. 



i 



/ 



(a) No 

(b) Yes 

(c) No 

(d) Yes 




y , 



34*8 . 



/ 
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1. 



2. 
3- 



. * Chapter 8 ■ . • / 

Ansvers to Chapter j Exeroises 

(a)^ (3 X 10) + (2.x 1) + (7 x^) + (8 x^-™) + (5 ><• —) 



(b) Ck X 5) + (2 X 1) +^(3 X h +-(k + U X 



1 ■ r a 




100^ 



100 



' = (27, + ^7) X 

. lOOv 

= .Ik ' 

(b) O.h X 0.37 = x.Yq) X (37 X ^) 

^ . • . = X 37) X (^^^ l5o^ 

. ' = i^'^x^ 
1»<8 , 



1^ 



5^ 



/ 1 21 
(a) X 



, 1000 
. .11^8 

• (b) 



36 



. ; ' 6. 



m = 15, DE '= h, EF = 8 
(a) .1000 7° ' (b)^ 100- o/o 



(c) 10 o/o 

6 



7. (a) 75 'Vo (b^ 133^ °;o (c) 1^2^9/0 
1 . . 



(^) '1, o/o "(e) 5^ 0/ 



(d)\6| o/S ^ (e) l| o/o ^ 



J 
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Chapter 9 ' ^ 

■ • ' . *• ■■ * 

V. Answers to Chapter Exercises • • ^ 

. I -) ■ ' 

1, (a) -.66^ • (b) Xk^l.. (c) ^ .2727 ' . '(d) .02^..' 

2. . (a) ^^5353 * (b) 35555 \ • (c) 3$535 



. ,3. . (a^i . (M 

rational: b/e* * • 

• .1 irrational: a, c, d / • 

* ' 5. { ;*y rationale a, e " : ./ . 

] . irrational: b.^d / ' 

7V . Answers will vary. ^ - \ * , ^ * 

(a) rational: 0.3^5335 / 0.3^53^3^ 
,(b). irrati^l: • 0.3^5'3^5 33^5 333 .0.3^533733^37 

•1 ...o..™^/ • . ' . ^ 



18/ ,0.1128571^2857 ^••..// 7- .5711^28571525 ... . • . \ < 

\ ' ^ ' * " * ■ ^ 

. I = .285711^28571**/-. • - ^^^^71^28571^285'... • . 

J - .112857152857! .. . %l .8571520571^2 ^ . • 

Note that *\he ^ame digits' appear ^Ln each, representation,. • (l,J+,.^,8,5,7).l 

These 'then reappear in cyclic fashion V^r each decimal, wl1;h*th^; initial 

digits being in the order 1, 2, 1^, 5> V, .8. ' ^ /' 

. .* "... ^ =; "ilfej . = -^^^ V * ^ 

.'-ii =..H^S53 • .* ' ^ 92307^ V' 

■ . , * ' ■ • • . . . f 

\lO. (a) 1,2 . • (e) 2,3' ' • ■ 

(b) li,12 • . ' 9,16 • , ■ 

.(*d^ 5,6 (h) 8,9f . V . ^ . 



^51 



> * 



11. .(a) 



(b) V3 

♦ 



(e) l 5 

(f) 5 

(h) Vn 



(i) '18" 
33 

(1) ^ 



(in) *16 

(o) . m 

(p)' V5 " 



countil^ uumbersjf : t, e; f, i, m 
rq^tional' numbers : a, d, g, n ' ^ 
irrational numbers : b, 1, 0| p 




1 u 
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A 



k{. (a)' See 'Exea^cise 1. 




J AB denotes the line passing through points* A and B. 
*AB is the isegment with A and | as end points ^ ^ . . 

BA *ls the ray staHing at point 'K and passing through A. * ♦ " 
AB is the ray starting at point' A -and parsing through B. 

Mar\y answers^ are possible, only one' set is given. 

* J ^* * • • * , 

.(a) I ABF, FBC ^ , (f) HF, AC 

(bJ^^ffiF/DAS ' • ; * " ^(gr AB,;!BD, BC • • 

(c) ,HJ5^, ABF,jFBC . (h) H?^/ EG, IM 

■(d) ABF, HDBJFBC * EAB, HDB, FBC, DAB-' \ 
(e^ EA, FB * ' 

One plane,^ if the point is riot on the line. « • • 

At first not enough incformation seems^to be given. How far apart are 
the houses? The total distance walked, and thus the minimum distance, 
wQuld seem to depend* Xipon the distances ^between each house* Let us 
^tart, however^j, ahd for tjie moment assign distances between houses^ 
as shown. . ^ * . ^ 



" • ... N ' 



• ' ^ ' ' 

A • . "^l • B ^^2 .0 • "3 D . 

* V * 

Then if meetings are held at house A, 7 boys must walk distance d^, 
k must walk d^, ^an^' 2 must walk d./, so that the^totel distance 
walked is , . . . 

^ Yd + kd + 2d ' (house A) . 
.Using the Game argument gives the following: 

/ * ^^1 ^^3 . ^ (house B) * ^ 

^ _ 2(i^ + ^^2- ^"^3 (hquse C) 

• ' * '2d* + + 7d ^ (house D) • 

Examining the four coses* shows that meeting at house B wiii minimi'zc 
walking. • Surprisingly enough, the conclusion is the same regardless of 
the distances , d^, and d v • 



i9S' 
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*^ Chapter 11 
Answers to Chapter . Exercises 



The models form a .rectangular 'prism and a hexagonai" prism. • , • - ^ 

a 'anA d are closed, only a is a simple closed. curve . . * 

The angles not. equal , simce they are. two different angles. Recall 
that angl<fra are sets of points and that sets are equal only vfien they 
are identical. . 

Answers may vary widely;- only samples are given., 
-(a) 




Cb) 




NoJ dialer's formula does not hold. V = 12* E = 20, 'F = 9, and * 
V - E + F = 1 .. ^' " . • 

If a Moebius strip with two twi'sts is cut down the middle, it falls 
into two loops which are interlocked, % 




• S 




■\ 




a * 









( • 



i5.9 - 



1. 



Chapter 12 
An^yers to ^apter Exercises 



1 ll 


■ 1 > 


1 1 -1 . 








>> 










i. 


^ 



■ 1 ^ 



Subdivided to g- inch. 



2: 




^ Sujjdivil^d to ^ inch 



7 



7 



'3' I*ie 



•5. 
6. 

7. 
'8. 

9, 

10. 



dimensions of the larger rectangle should bj^. 5jj- by 3^ * 

The dimension's of the smailler rectangle should be by 3^- . * 

» 

Square^ rectangle, parallelogram, rhombus, trapezoid^ "kite'^ (Ther,e 

m^ be otliprs suggested. ) ^ . ' . 

A polygoji whose, sides are congruent and whose angles are congruent/ 

Two circles eq;^ congruent ^if their radii^i'e congruent. 

They are" perpe'ndicular. 

One radius is twice the other. 

Given a point and a distance r, a sphere is.. the set of all 

points *in space at distance r *from point C. « * • * 

♦ . . . ' 

Not necessarily. - The definitions will vaiy depending on what is 

considered a "line** or *'sfegment" on a sphere, and intuitive definitions 
.should be accepted- This is difficult to define because a "triangle** 
may have more than one right angle Note ; - The purpose of this exer- 
cise is to cause ycfU to*c6nsider the "ground rules*' of plane geometiy, ) 
and that these rules dp not) necessarily hold in anothfilr physical 
situation. * * • 
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■ Chapter 13 " . , • • » 

■. ■" ' . Msvers to Chamber Exercises 

(ai) • I'foot each (b) ^5", ^* ■ 

(e) \ is n'ot the'sum of' 1, 1, and 1. Even though each error was less- 
• "than one-half foot, the suk of the errors was over half a .foot ^ , . 
-therefore must be counted in the measure of the perimeter. 

The square has the greater area. 

(.) .116 sq/units ■ . (b) 11^:5. Sfl- units ■ . ' . 

.- • ■ 

(a) 90 cubi\c inches approximately.^ ■ / . * _ . 

(b) Approximkely 111.1+ cubic inches." 

(-b) Even though each error was less than one-half' inch, the product 
. of the three nunlbers in (b) would, increase the volume .measure.. 
• significantly. * ' * ,. ^ • 

"1^ feet • .^^^ ^ L 

Approximately - 0.001+ cubic inches , * ^ 

(a) AWoximately 13 inches % . m 

(b) Apprpximately 38 c/ubic^nches ^ . » ^ ^ . v 

(c) . Approximately 63 square inbhes 



8. 



9. 



(c) 391J cu. in.* 

(d) 580^ cu. in. 
(fc) 6U sq. in. 



1" 1" 1'* 

(a) 9|',*T2, 52 

(b) 10|, 8|, % 
(a) 6h s-q. In. 

This error ^s difficult to spot. ' Most people do not cut these .exactly 
and miss the ^act that there. is a small parallelogram of area 1 square 
inch in the center of the complet^i^^t angle . The figure might look 
similar to this: 




10. (a) - Circumference is doubled. * *. 
(\^) Area is h times as great. 

. \ ■ 
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Answers to Chapter Exercises 



1. ♦mean = 5- 

median = 



,2 



mode = k 



2.» range :s 



average deviation = 



29 



The mean is also doubled. . 



m, = 



+ Xg. + + . . . + 



c 



J 



The median likewise doubled, for the middle element is still the 
m^Lddle element* " . 

k. The range is. also doubled for if x is the smallest and is 

the ^argest in the original distribution tlfe range is x^ - x^. The 
. * new range will b^e 2x^ - 2x^ = 2(x^ - x^)» 

ThQ average deviation is doubled as the following example consisting of 
' four elements will indicate. * ■*•*.* . , 

{a, b; c,^d) * 

a+b+c+d ' ' ^ 

. • - 5 ^ ^ ^ . ■ 

' a - m^ + b - m^'' + c - m. + d - m. 

^ ^ , , -^1 1 1 1 

Ave!rage deviation =^-^^ — ' ^ ^ — ^ 

. a + b-^c+d-- hm^ * • 

* _ 1 ' • •* . 



J 



(2a, 2T>, 2c, 2d} . > 

2(a + b + c^+ d) ^ 



2a + 2b + 2c + 2d - hm^ 
Average deviation = ^ 7^ ; — 

^ 2a + 2b + 2c + 2a - 8m^ 



- — -t- — -):■ 
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• 


.6. 


'h H H H 




T H H H 






H H H T 




T H H T 




.Ml 


XJ XJ rn XJ 


• 


i. 'n i. n 




TT u rp. m • 

H T H'H 
H T H T 
H T T H 




T H T T 
T T H H 
■• T T T 

m m m tt 

T T T H 




-^ 


c H T T 




t t 




• • ■ * 7. 


/ 

. . "P(H H H H) = 


1 

IE 


* 


1 


• 8. 


• P( three H»s) 


= IT 


.ft 



s 




*<),■ P(at least one h) = 1 - P(no H) 

= I'y^T T T T) . I ■ .■ . V 

1 



1 



15 

^= IS 

10. ' P(one H or T T T T) 

P(one a) + P(T T T T) 
•1^1 

5 

Ll. .(a) I X 'I 5" 



1?. 



i 



52 

52 1^ 52 " 2tCA 
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' , Mathematical tex^S ^^i^ ey:;^&^lc(a^ ar^ frequently used with different . 
meanings . and^ connotat^^s in diffjCr^at .f ie^dfe or levels of mathematics.' The 
'following glossary e*xija4in*s . some^oi^' tl\e ^i^^^ words and phrases as 

•they are used;, in this bcio^? ^55tege .'are^^ hot intended to be formal definitio»s. 
Udire explanations as well as'jigU'ire:3' and examples may be found? in the book 
^ by re|^erence thorough the index. ^ • *• . ' ^ " . . 



ALGORITHM (ALGORISM),. A special process for solving problems. " 

* * * 

ANGLE. The union of two rays which ha\^p the.saine endpoint but which do 
not lie in the same line. . i • * # 

\ • . " . , » ■ 

ARC. A part of a circle ISbtermined by two points, on the circle. . 



measurement in terms of a' specif ied unit which^ is'^ssighed to^a 
ed region. Note that both n^umber and unit must be*given,-5s 



AREA. A 

closed 
30 square feet 



* ASSOCIATIVE PROPERTY OF ADDITION. . For the three numbers a, ^b, and c 

J (a - + b) + c = + (b c)^ . « • 

> ' - . • * • ; 

•ASSOCIATIVE PROPERTY OF MULTIPLICATION. .For the* t'Viree numbers -a, b, and c 

(axb)xc = ax(^xc,). 

. • B 

b\se (pfc a numeration system)^ The number used in the fundamental grouping. 
Tims , 10' is J^he base of "the decimal system and 2 is the base of^the 
'"dnary system. ♦ ^ 

BASE (of a geometric figure).^ A particular sidls of .face of a geometric ^ 
figure. ^ • 

BINARY .NUMERATION SYSTEM. - A nUmerotion system whoce base is two. 

BINARY OPERffTION. An operation applied to a paij:^ of numbers. 

«... ^ ♦ 

BRACES . { ) .* Symbols used in tHis booR exclusively to ind-icate sets'of 
objects. -The members of the set are listed or specified withirr the 
braces. * • * * ' , 

- ^ '% 

BROKEJl LINE CURVE. A curve formed from segments joined en^l to .end hut 

not fortlning a straight line, " ' ^ • . * , 



ERIC 



in a.^iLane which are* the same distance ^frcjn 
; . given poiniti' A * simp3#. closed ciirve' in a p],ane each of whose points'^ 
•is the same- distance fjpom affixed point ♦ • ' if^ ^ " 

CL0^3) CURVE.. A curve'' th^t can" he represented hy a" figures that ^start^^and • 
'stops at the sahie pSlnt. * * . ' ' * 

CLOaUBE^ • J^n opera€ion in -a set has^ the property of closure if. the result . 
of. the operation on members or the ;set is a niemUer'of 'the set. ^ ^ 

COMMUTAilVK PR0fe5?rY OTtrflON. For the. two •numbers, a ' and*" r ^• 

a,f'b.=:b + a " 



Cok^JTATIVE PROPERTY oV MCOjTIPLICAT^ For the two- fiumbers a and .b/ 

CCKPOSliE NOHgER. -A- whole .nunriSer greater *than * 1 , which -is nat.a prime 

lumber. " ' . . , , * * , ' 

••^ . • - ^ • • 

CONE»- A' surf acgf formed when a plane' cuts a conical surface. such that the 
intersection' is a slmjlie closed curve, ^e con^ is that part of th« 
conicaX surface betwefen the vertex and the plane', the- vertex, and the ' 
•closed region cut from the plan^^ that forms the base. ^ ^ $^ 

■ ■ iP \ * . * 

CONGRUENCE. The relationship ^between two geometric figures which have 
exactly. the same siae/and shape. ^ < 

.CONYESC POLYbON. VA polygon wfiose interi-or is in the interior of each, of 
' its angles.- If* is aldb xiefined as a polygon Vhich lies entirely in . 
^. .or onjhe edge of the half plane determined ffy each of the sides • 
in tura. ' ' , * 

% ■■ 

COUNTING NUMBERS.. The numbers used in counting: {i, 2, 3> ^> 5> v" J-. * 

CURVE. A set of all those points whi^ih lie on a paiticular path from • 
A to B. * 

C^INDER. A surface formetf^'when two parallel planes - intersect a cylindrical 
surface. It is the portion of the cylihdrical surface between the 
planes, together with the closed regions cut from the planes. * 

CYLBTDRiCAIi SURFACE. A eurface formed by all^ines passing through a 

simple closed curve in a plane, parallel to aXLine not in the piarife. 

Age. 

DECIMAL. .A numeral written in -the extended^ decimal place value system. 

DECIMAL PLACE VALUE *SYSTEM. A place value 'numeration "system with ten as 
the ba^e for grouping. 

DEGREE. A common unit for numerical measure of^ angles • The symbol for 
o degree is ^ . * ' ' , 



DEMSE*- A property of the sets of ration4l and ^e^Q^-numbjers.^ The jrotfon^X. 
(real; nosElbex^ ai»e* dense because betveeir gjy. 1;vo rational (i;^^)* 
. ♦ numbers there, a third rational (realty number, " . * # 

{•OP A CIRCLE> . A line segment vhich coiataius tWe (Jenter of the 
^circle and whose endpaints lie on tbe circle v 



DISJOINT 6ETS. • Two or -more $ets vhich have* na members in common. .* . ^ 

DISIJIIBUTIVE PROPERTY. 'A joint B^bperty dj myiltiplication fincf addition, 

I This property says that' mult iplica,t ion is distributive over ^ditioR. 
• » * For any numbers a, bj* an^ * « * '••^ *• ' 

• * ' ^ ' ^ a X? (b'+ c) = (a X b)^ + (a >i: c) 



E 



EIiE34EHT OF A SET. An ^object in a set; a^memb^r of sf-.set. . ^ 

EMPTY SET» The set whicK has no member^, ' • ' ' '^v. . * \ . * 

EQUAL, symbol A = B means that ^ ^and 'B Are two dliffereat names. 

A fojr t^e same object. ' * ^ t • 

EQUrVALEaNT NUtERALS. Numerals that name the same number, 

* * 

EQUrVALENT" SETS . Sets that can be put into a oije-lJo-one corre^ondence. 

• * * ji 

EXPANDED FORM. 532 written as- (5 X 10^) + (3 X 10), +"(2 X l) is said' 
to be written in expanded form. .44.» 

: V * ' 



FACTOR, If bx ^ a^ with b, , and whole numbers, then b is * 

•a factor. of a. ' ^ ^- 

■» 

t ^ 

FRACTION*-^ Any expression of the form — where x ^ and .y represent 
. • numbers • ^^^^ ^ 

<}BEATEST COMMON FACTQR* .The largest whole number whixih is a factor of. two 
or more given whole numbers • ^ ' . * ; 

/ 

HALF-LIKE';? A line separat«ed by a point results in two half-line's, 
\ neither of which contains the point. ^ 

* ♦ 

HALF-PLANE. *A plane sepai^ated by a line results in* two half -planes, 
neither of which contains the line* * 

HALF-SPACE. Space separated by a' plane results in two half spaces, 
neither of which contains the plane. 
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Identity JLEJENT for addition. T The^^niainber 0 ^^ich hhs the property • 

» • •* . ^ * 

IDEIJT35Y ELMENT FOR MULTIPLICA'tlDN. The number 1 which h'as tlie . . / 
property that I x a = a X .1 = a/. ' . • ; . - • 

INTEGER. Any whole number or its opposite. » 

_ ♦ • 

INTEESECTION Of two sets. The. set of all elements common .to each of the 

given sets. ^ • ^ ^ ^ 

/ » . ^ a 

IRRATIONAL NTiMBER. ^ A real number which caiinot be expressed in the form ^ ^ 
where a is an integer and b is a counting numl^r, , i.e.^ myi, \ * 
nuntber' that is not a r^tionSl number. . . • 



LEAST COMMON MULTIPLE. The smallest non^-zero whole number which is a 
multiple of each of two given whole numbers. 

LENGTH OF A LINE SEQIENT. A measurement in terms of a specified ujnit 
which is assigned to the segment. Note that both numbe/ ^nd unit^ 
must be given^ as 3 feet or 5- niiles, etc' . ' , . 

LINE (STRAIGHT LINE). * A particular set of^ points in space (an undefined 
term in geometry). In^c^hnally it can be thought of as the extension 
of a line segment. * 

> • II * 

LINE SEGMENT. A special case of the curves between two points. It may 

be represented by a. string stretched teutly between itartwo endpoints. 

* 

; ' . . M * . • ■ 

HATCH. Two sets match each other if their members can be putJ^in one-to-one 
' correspondence. , 

MEASURE. A number assig^ied to geometric figt!^re indicating its size 
with respect to a specific unit. . ^ * 

MEMBER OF A SET. An object or element in a set*. 

METRIC SYSTEM* A decimal system of measure with the meter as the standard 
i|^it of length. ' ^ ^ 

MULTIPLE OF A WiOUL NUMBER.^ A- product of that number and any whole number. 

NEGATIVE RATIONAL NUMBER. The opposite of a positive rational number. 
(See OPPOSITE NUMBERS.) . 

NON-NEGATIVE RATIONAL NUMBER. All the' positive rational numbers and zero. 



NUMBER* , . . ^' • • ■ ' • ■ ' ^ 

See Wholfe number . * ' 

/ Counting number * ' . 

, 4 Rational number 
* • ' * . Negative 'rational number ' » * 

irrational number . ^ ' * " 

V ^ ^ ■ Reai .number , . * , ■ 

ilUMpfiR I4INE/ 'A-model to show numbers and their order. The mod^l is used 
fdrst fer the w,hole numbers, "^e markirfgs and -names ^e ^tended as 
■ the number system is« ext*©nded* until finally a'^l-r correspondence i$ 
.set up between all the points of the line and ail t^^e 'r^alL' numbers. 



'NUMERAL. A name or symbol used for a nOIjiber.. ' 
NUMtTRATION SYSTEM. 



.J r 



SM. ♦ A 'numeral syst.em for -fiajning nupibers* £ 

NUMBER SED^MCE. A matfciematical -senteujia staji^jflig a relationship ^between . 
numbers. ' ' / . ?" ^' ' 

• • ■ r \ : . , / ./ . 

^ • • /or 

ONE-- TO-ONE CORRESPONDENCE. A pairjiig between two 6ets A,^ which 

associates with each meml^r o f * A a single member* of B, and with 
each member of* B a single jraember of ^ A. - ' 

0P?1N SENTENCE. A sentence with «6ne or more symbols, that may be replaced 
. • by the -elements of a ^iven/yset. • 

OPERATION. A (binary) operation Is an association ^of an ordered .pair o:^ 
numbers with* a third r^rnihkr. 

/ • , . 

OPPOSITE NUMBERS'. A pair of /lumbers whose silln is 0. 

t 

ORDER. A "pi^operty "of a set .bf numbers which permits one to say when a • 
and* b. dre in the set'whetfter £ is "Less than,*' "greater tftan,^ 
or '-'equ^al to''- b. f ^ 

f 

ORDERED PAIR. An ordered hGLir of objects is a set of two objects in which 
one of. them is specified as being first. 



PAIRING. A correspondejfice between an element of one set and on element of 
another set. I - j 

/ ^ 

PARALI£L LINES. 'Lines/ in the same piano yhich do not intorr.c^'t. 

PARALLEJis* PLANES . Pieties that do not i-nter'seet. 

* / « ' 

PARALLELOGFU\M» A quadrilateral whose opposite sicjec arc poralLcL. 

PERCENT » ' Means "pen hundred, " as j per hundred oz: ] percent. 

PERIMETER.. The total liingth of. a closed curve. 



PLACE yJSUIES/ Tfie veliies given tp the different t>ositions in a humer^** 

PLACE VALUE^ NUMER/ff ion system n6meratj(on system which* uses the position 

or place in the, numeral to indicate the value of the digit in that * • 

PLANE. A. partipular «et of pointsC It 'can be tho!;ight of as the exte^§icm v 
of* ar flat surface such as a table. Hgu^ally an u^idef ined term in^ 
•g3ometry. • ^ . * . . • . 

^. • ' ' . . ^ 

PLANE CURVE,. A plane * cOirve. is a cdrve all points *o5 which lie 4n a planQ. 

Y. - * • . • • 

. > .• * * , * • * . 

PLANE CLOSED REGION. / The' inteiiior of any simple closed plane curve together 

• wiljfc- the xurve^ * . ■ • . . * ^ 

' \ \ ' ■ . • . . ' \ • , y 

POUIT. An undefined- term. It-mayibe thought of eis an* exact location in 

.^space, ' * * 

POLS^N^ A simple closed curve in ^ planre which is^tha^union of . iJhree pr 
. -fflor^'lihe segments. _ . '* - 

POSITIVE. RATIONAL NUMBliR. Any nbmber that can.be e;cpresae(i -as ^ wher6;--/^ 
a is a whole number and b is 9: countAttg ^lumber. - i 

... ^ ■ - • •• . ■■• ■ : ^/sr ■ 

POSTULATE. A statement which is accepted wit^iit proof. . 
PRIME NUMBER. .♦Any whol^ humber. that has exactly two different factprs 



y 
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NUMBER. .♦Any whol^ humber. th^ hg^ exactly two 4if 1 
(nAiely itself and l). jf ' 

PRISM. A surface" consisting gf "two congruent polygon^ region/ as baseB 
and plane regions bounded by parallelogi;ains as lateral S^aces^./ 

PROPORTION*. 'A statement #f equality betwetlF two ratios. 

PYRAMID. A surface^ which is a set of points 'consisting of - a polygonal ^ 
region called the- base^ a point called the vertex not in the same 
plane as the ^ase, and all 'the t*-iangular regions determined by the 
vertex and. the sides of the base. 

■ ■ > • " i < 
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RADIUS OF CIRCLEJ A line segment* with one endpoint the center of the circle 
and the other endpoint on the circle. 

RATIO. A relationship a:b between an ordered pair^of numbers a and ^ 
b where b .0. The ratio may be also expressed by^the fraction — . 

RATIONAL NUMBER. Any number which can be written in the form ^ where ^ 
is an integer and b i& a countihg number. \ ^ 

RAY. The union of a point A and 111 those points of the |.ine AB on the 
same side of A as B. 

REAL NUI^BEBS. The union of the*set of rational numbers and the set *of 
^ irrational numbers. 
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RECIPROCALS., Any paii; of) numbers whose product is 1 

' ■ ' •'.* 
•REGION. See PLANE REGION-. • 



. ^ . words '^aarrying" and "borrowing." 



RIGHT RECTANGULAR PRISM. Alright prism whose base is a rectangle. 

SE®4EIW.^Se^ LIME SE(a^^ ' • • . 

' SfePARASEk To divide a given set X)f points s^cH as a line, plane, sph«*ej ' 
^ y^paoey etc. into disjoint subsets by use of another subset 6u*ch as a, 
/ paint, line, circle, pla^e,'.^ta. . 

*^^iT«- A set is any collection of things listed* or specified we^ll enough 

so that Qvfe can say exactly whether a certain thing does or does not 
^/ I belong to it. , ' . ' * 

SIMPLE CLOSED CUi?\^. A plane closed curve which does not intersect itself. 

♦ * 

iSDCfLAE. A relationshi;^ between two geometric figures which have the 
same shape but not necessarily th^ same size. 

•* • ' ■ . * 

SKEW. ^Two lines which do not intersect and are. not parallel. ^ 

SOLUTION SET. The set of all numbers* which make an open number sentence 

■V* 

SPACE. The set of ajl pointy. * 

' SUBSET. Given two sets A and^ B, B is a subset of A if every member 
of B is also a member of A. * 



TRIANGLE. A pQlygori with t^ree sides. 



U 



UJflON OF TWO SETS. The union Of two sets '^s* the set of all elements that 
are in at least one of the given sets ^ 

UNIQLJE. An adjective meaning one and only one. 



VERTEX (pi. VERTICES). ' ^ - 

« .Of an angle: the dommon endpoint of its two rays, 
of a polygon; the common endpointf of two segments, 



of a prism or pyramid; the cortmorj endpoint of ^ three or more edges i 



J. 



X VOLUME, ♦.A measurement ifj terms of \. spefcif ied. unit which is assigned to 
^ • a solid region* Notg that both ntimbe/\uid unit. must be given^ as 
■ - 3 cubic "feet, ** ',• / 
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WHOLE ^NUMBER^ The coun-Wng nmbers /and the number 0: . (0, 1, 2,. 3, 



ZfiRO^ 'The. number associated" witji the empty set« 
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